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INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

The beginning of the 20" century witnessed a complete paradigm shift in terms of how
we perceived nature. This was enabled through the introduction of entirely new theories
such as quantum mechanics, the general and the special theory of relativity, and concepts
as the dual nature of light and matter, among others [1, 2]. On the experimental front, phe-
nomena such as superconductivity [3-5] and superfluidity [6, 7], and later high temperature
superconductivity [8-11], and quantum hall effects [10, 12-17] were observed, which could
not be completely described through the conventional theories of condensed matter such
as Landau-Ginzburg theories [18, 19]. The last few decades have seen novel theories put
forth to explain these phenomena. Now that we have a huge treasure of analytical and ex-
perimental knowledge about matter at our disposal, the unsolved problems before us are
no fewer than before. Among the main unsolved problems that have attracted the attention
of the condensed matter community are finding microscopic mechanism of high tempera-
ture superconductivity or room temperature superconductors [20, 21], topological states of
matter [22—24], quantum computation and quantum information propagation [25-28] using
condensed matter platforms, and many more novel phenomena. A majority of these phe-
nomena are driven by strong inter-electronic correlations in the system [29—33]. We study
some effects of electronic correlations in low-dimensional systems in this thesis. Before that,
let us see what we mean by strong correlations.

The field of condensed matter physics generally deals with Avogadro’s number (Ny ~

10?%) of atoms or molecules per mol of a substance [34—36]. As the staggering scale of entities



would suggest, solving them exactly poses an incredible problem. For example, Schrodinger

equation for N nuclei surrounded by # electrons is given by [37],

_#2 [ N 72 n_y/2 N,N ZZE
[2h<21\/fll+2mz> 47eq <Z Z\R— Z\rl rﬂ)] (xirt)

i<j z<]
= ihglp(ri, t)
(1.1)

It is practically impossible to solve for real systems! In Eq. (1.1), M;, m and Z; refer to the
mass of the positively charged nucleus at site i, mass of the electron, and the coordination
number of the atom, respectively. The Born-Oppenheimer approximation states that the nu-
clei are much heavier than the electrons, M >> m, and therefore electronic movements are
much faster than nuclear motion [38]. Thus, interacting electrons can be effectively viewed
as moving through a stationary potential background generated by the nucleus or ions. In
case of many materials this background potential is periodic in nature and allows us to treat
it as a periodic lattice [34, 35, 39]. It should be noted that the system is still a many-body
system where all electrons can interact with each other. Thus, Eq. (1.1) can be simplified to
have only two main contribution to the energy of the lattice:
2 2 nno 2

FEE L (E ) g
The first term on the LHS corresponds to electron transfer from one site to another and
contributes to the kinetic energy of the system, and the second term corresponds to the
inter-electronic interactions and contributes to the potential energy of the system.

Initially, the thermodynamics of many crystalline materials were described using the band
theory and single particle basis [34, 35, 40]. In regular periodic systems, electronic interac-
tions can drive the system to an insulating phase, whereas, in presence of electronic screen-
ing, the system behaves like a metal. Despite band theory’s huge success in correctly identi-
fying the ground state (GS) phases of many materials as insulators or metals, it failed to de-
scribe a class of materials called Mott insulators, where electron-electron interaction induced
a gap in the energy levels [41—43]. Band theory also failed to explain the ferromagnetic behav-
ior in metals, e.g., Fe, Co, Ni etc., where strong inter-electronic interactions are responsible for
spontaneous magnetic ordering in these materials [32]. Upon failure of this non-interacting

band picture, Hartree-Fock calculations tried to incorporate inter-electronic interactions, by



assuming that the electrons moved in the field of both the effective field of the positive ions in
the crystal, as well as the effective field of surrounding electrons [44, 45]. However, these cal-
culations also used single electron basis, and failed to explain the Mott insulator phase [41-
43]. For realistic description of materials, one needs to study the many-body physics of these
interacting systems where competing kinetic and Coulomb repulsions give rise to various
interesting phenomena in systems, e.g., magnetism, superconductivity, topological phases,
etc. Such problems fall within the realm of quantum many-body studies and often consider
strong inter-electronic interactions that yield correlated electron dynamics in the system.
Interacting quantum many-body models can yield a zoo of interesting phases, especially
when arising out of interactions and competing or intertwined orders in the system, e.g.,
exotic pairing orders in cold atom superfluids [46, 47], Mott transitions [48], topological tran-
sitions in quantum fluids [49, 50] and materials [24, 51], emergence of dimer [52], vector
chiral [53-56], stripe order [57-59], spin liquid phases [60, 61] or other interesting phases in
frustrated quantum magnets [62-65]. Considering these quantum many-body formulations
becomes especially important due to its potential application in different aspects of modern
lives, e.g., magnets used as switches in various devices, superconductors used in high per-
formance magnets in medical scanners and other cryogenic applications, exotic topological
quasiparticle modes in materials for implementing next-generation quantum computations,
and exploration of yet unknown exotic phases of matter and their applications [66, 67].

The said low-dimensional interacting systems naturally exist in three dimensional (3D)
lattices that effectively behave like low-dimensional systems, or such systems can be engi-
neered using trapped cold atoms in optical lattices. Recent experimental developments have
also been made it possible to fabricate one-dimensional (1D) nanowires and their junction
with high precision [68—70]. These may be used in next generation spintronic-based energy-
efficient quantum circuitry. Materials like LiCuV Oy [71] effectively behave as 1D magnetic
systems can show exotic phases such as vector chiral, quadrupolar or spin nematic phases in
which two quasiparticle condense to form a long-range bosonic Cooper pair like quasiparti-
cle, analogous to superconductors. Some special low-dimensional systems, e.g., semiconduc-
tor wire placed in proximity with a 3D superconductor [72], fractional Hall systems [73] have
been proposed to host exotic Majorana quasiparticle modes and are potential candidates for
topological quantum computation [27].

The central theme of my PhD research has been the formulation and study of microscopic

low-dimensional interacting quantum many-body model Hamiltonians that can yield phases



with non-trivial orders in their ground states, and in some cases, to study their anomalous
dynamical responses. We expect that approaching these phenomena and concepts from the
microscopic point of view, i.e., through studying the behaviors of these phases using locally
interacting models provide a simple yet powerful way to understand the microscopic origin
of these exotic phenomena quoted in the previous paragraphs. Alongside different analyti-
cal techniques, the computational methods of solving otherwise unapproachable problems,
e.g., low dimensional quantum materials with strong correlations, need to be utilized for
dedicated studies of these problems. This thesis has been inspired from this broad objective,
and shall address some basic and potentially important open problems in many-body theory
today, including, junction of quantum wires, co-existence of magnetism and charge density
orders, and exploration of topological phases and their robustness in low-dimensional quan-
tum system.

In the next sections we recap the physics of toy models [74—76] including the Hubbard [77]
and Heisenberg models [78, 79] that employ the many-electron basis and describe the physics
of simple 1D materials. Thereafter, we discuss the background of the problems studied in

this thesis that would employ extensions of these toy models for solving respective problems.

1.2 EFFECTIVE MANY-BODY MODELS

In a crystalline solid, each atom or ion is periodically arranged forming a lattice structure.
The atoms have core electrons that are bound strongly to the nucleus and outer valance
shell electrons. The core electrons do not contribute to the band formation between different
atoms and can be ignored in calculations. Among the valence electrons of an atom, not all
contribute to electronic properties as some electrons are effectively static, e.g., the electrons
forming c—bonds, whereas, electrons in the p* orbitals contribute significantly. Under the
Born-Oppenheimer approximation [34, 35, 38], we can ignore the nuclear degrees of freedom
and consider only the degrees of freedom of valence shell electrons that are responsible for
the electronic properties of the material. We assume that Coulomb repulsion can become
significant if the electrons come very close to each other. However, we if we consider only

the kinetic energy of electron hopping interactions and ignore inter-electronic repulsion, as



applicable in certain systems, we can further simplify Eq. (1.2) and write it in the second

quantized form as follows,

H=— E tij (czgc]-,a + h.c.) (1.3)

(i)
where, cf_ (¢; ;) represents the creation (annihilation) of an electron at site i, ¢ =1, rep-
resents the spin polarization of the electron, (i,j) represents the nearest neighbor indices,
h.c. refers to the Hermitian conjugate, and t represents the hopping integral of the electrons

given by,
hZ
ty= [ rgi @) (592 0100 (14)

¢i(7>) represents the atomic orbital at the i-th site, and <—2h;V2> gives the kinetic energy
of the electrons with effective electronic mass m for hopping through form the i—site orbital
to the j—the site orbital. This is the well known tight binding Hamiltonian, that considers no
inter-electronic interactions [34, 35].

The failure of band theory or tight-binding model helped realize that electrons in many
materials are influenced by each other, and cannot be considered non-interacting in all cases.
Now, the explicit inclusion of electron-electron correlations in the Hamiltonian makes it
many-body in nature, i.e., instead of a single electron basis, a many-body basis of electrons
is required to describe the physics of this system. In many body basis, the degrees of freedom
increase as m", where m represents the local degrees of freedom of the electron, and N is

the size of the system.

1.2.1  The Hubbard Model

In 1963 the Hubbard model was introduced simultaneously by Hubbard [77], Gutzwiller [80]
and Kanamori [81], where in addition to the kinetic energy term or hopping of electrons to
neighboring sites, the model included the electron-electron repulsion term originating from

Coulomb repulsion of electrons which is the strongest for electrons occupying the same site.



This forms a reasonably good approximation in case of high Coulomb screening. Eq. (1.3) is

now modified and can be written in the second quantization form as follows,

H=—t Z (czgciﬂp + h.c.) +Uu anni/g/, (1.5)

1,0 1,0
where, 1n;, = ¢! ¢;, represents the occupancy of an electron at the i—th site with spin polar-
ization ¢. ¢’ represents the opposite spin polarization to ¢ (to incorporate Pauli’s exclusion
principle for fermionic systems). U is the on-site Hubbard interaction and is associated with

the Coulomb repulsion of the electrons, given by,

. 2
U= [ [ rlotol (5 o) (16)

11 —

where, the symbols have the usual meanings. This model can be solved analytically for one
dimensional systems only [82] using Bethe Ansatz [79], due to the presence of the inter-
electron interaction term, the second term in Eq. (1.5) in addition to the hopping term. This
Hamiltonian is the simplest many-body Hamiltonian that considers the competition between
the kinetic energy and the on-site interaction, and can explain phenomenon like the Mott in-
sulator transition [41, 42]. The first term in Eq. (1.5), that shows electron hopping, allows
delocalization of the electrons and leads the system to behave like a metal. Whereas, the
second term, showing on-site inter-electron interaction U > 0, prevents double occupancy of
electrons at the same site and takes care of the many-body nature of the system. This term
attempts to localize the electrons and drives the system to an insulating state. When the sec-
ond term is dominant, i.e., the large U >> t limit, electrons are completely localized. Thus,
the charge degrees of freedom become frozen and only the spin degrees of freedom con-
tribute, leading to a magnetic state. On the other hand, when the kinetic energy dominates,
ie., the large t >> U limit, the the band picture of non-interacting particles is recovered.
By tuning the strength U/t and the nature of U i.e., from attractive (U < 0) to repulsive
(U > 0) interactions, the Hubbard Hamiltonian can describe various phases in different
systems, e.g., paramagnetic metallic [83], ferromagnetic metallic [84], antiferromagnetic insu-
lating [85], Fermi-liquid [86], superconducting [87] etc. The Hubbard model yields various
interesting phase diagrams in the parameter space of ¢, U, temperature T and chemical po-
tential y for different lattices and dimensions [83, 88—93], and still remains an active subject

of research.



1.2.1.1 Fermi Hubbard

The Fermi Hubbard model with only on-site interactions can be written as,

H=—t Z(C;r,gcm,g +he)+U Zni,vni,a’/ (1.7)
i i
where the symbols have usual meanings. This model follows the Pauli exclusion principle,
i.e., for spin—1/2 fermionic systems, at most two electrons can occupy the same site. This
places a constraint due to the on-site Hubbard interaction term U.
Eq. (1.5) can be further generalized to include the effect of Coulomb interactions between

nearest neighbor sites, and can be written as,

H=tY (focit1o+the)+UY nignig+V Y nignje. (1.8)
i, i (i,j),00"

where, the V represents the interactions between electrons occupying nearest neighbour
sites, and is dependent on the density of electrons. At half-filled density, the high U >>
V limit in the system tends to promote charge localization at each site, thus leading to
single occupation throughout the system, and yielding spin density wave (SDW) order in
the system. Whereas, high V' >> U promotes charge ordering the system with alternate
doubly occupied and empty sites in the system, i.e., a charge density wave (CDW) phase is
observed and no local or global magnetic ordering. For U ~ V, the system shows a bond
order wave phase (BOW) [94, 95]. This model has recently emerged into prominence with
application to superconductivity as well as for certain layered materials where UV < |UV/|,
and the next-nearest neighbor interactions drive the systems into exotic phases, e.g., stripe

phase in layered superconductors [96—99].
This model can be further generalized into long-range models [100-104], e.g. in case of

weak screening of Coulomb interactions, and the model can be written as,

Wi o Misr ot
H = tZ(CZUCiH,a +he)+UY nignie+V Y, Lo (1.9)

. 4 . |r|—«
1,0 1,0 ir,o,0

where a# < d, the dimension of the system. Studies of this model have gained particular

importance in the studies of impurities in the system [105].



1.2.2  The Heisenberg Model

In the large U/t limit of the Hubbard model in Eq. (1.7), at half-filling, all the electrons in
the system are localized, and each site is singly occupied. In this case, the hopping term can
be treated as perturbation to the system. Considering the leading terms only up to second

order, this reduces the fermionic Hamiltonian to,

M=) JiSiS; (1.10)
<ij>

with | = 4#>/U. S; represents the spin operators acting on sites i, (i,j) represents nearest
neighbor sites, and J;; represents the spin exchange interaction strength between sites i and
j. While we started from a system with four degrees of freedom for spin—1/2 fermions
in Eq. (1.7), the Heisenberg model retains only two degrees of freedom, the | 1) or | )
spin polarization, due to freezing of the charge degrees of freedom. The magnetic properties
of many insulating materials can be well described by the Heisenberg model [78]. Ji; = |
represents the isotropic Heisenberg model. For | > 0, the system favors the antiferromagnetic
(AFM) or anti-parallel alignment of spins in the GS, whereas | < 0 leads to ferromagnetic or

parallel alignment of spins.
But when the exchange interaction can also be anisotropic, i.e., [* # ¥ # 7, in that case

the eq. (1.10) becomes,

H=Y [}xs;ﬁs}‘ +J¥s!S! + ]Zst]%] (1.11)

if)

This corresponds to anisotropic XYZ Heisenberg model [32]. It is one of the most general
models for studying magnetism in various materials. Real materials involve complex lattice

structures and exchange mechanisms, and one may study various limits of this model:

(i). XXZmodel : [* =]V =] #J*

H=Y []/2(s/s; +5s;)+sisi] (1.12)

<ij>

In this model, the interactions along the x — y plane or transverse direction are isotropic,

and the longitudinal exchange interaction introduces the anisotropy. In Eq. (1.13), the



first two terms represents the exchange of spins between sites i and j, whereas the third

term represents the spin-spin interactions between spins at sites i and j.

(ii). XY model : [¥* =Y =];]*=0

H = ]/2% [sjs; n sjs;] (1.13)
In this model, spin exchanges are confined to the x — y plane, and it gives rise to many
exotic phases in two-dimensional lattices [106—109]. This can be mapped to the free elec-
tron case, as well, e.g., when mapped to the spinless fermion system. This model and
its modifications have also been used for studying statistical flocking phenomena [110]

and studies of active particles in statistical physics [111].

(iii). Ising model : J* = J¥ = 0;]J* = |
H=T") SiS; (1.14)

Proposed by Ising in this doctoral thesis [112], this is perhaps one of the most stud-
ied model in statistical and condensed matter physics, and despite its simplicity, can
predict the properties of system with large anisotropy. It does not show any phase
transition with temperature T in one dimension, but the critical transition temperature
T for this model was provided by Onsager for 2D systems [113]. Many more complex
models have been shown to belong to the same universality class as this model [114].
In presence of a transverse field 157, this model is also known to exhibit non-trivial

quantum phases [115-119].

1.2.2.1 Bose Hubbard

The Bose Hubbard model can be generalized from Eq. (1.5) as,

H = —tZ(cZUciH,‘, +h.c)+ Z Uy o1 oM o, (1.15)
i,0

i,0,0

where, unlike the Fermionic model in Eq. (1.7), each site can accommodate multiple bosons.
For a single specie of bosons and absence of spin-selective fields, typically U, ,» = Uyr =
U, ,, where 0 and ¢’ represent opposite spin polarization. At high U >> t the system is in

a frozen or Mott insulator phase whereas at low U << ¢, the system is in a superfluid state.



This model has been historically important in the context of Bose-Einstein condensation
(BEC) to superfluid transitions [120, 121] as illustrated in cold atomic gases at nano-Kelvin
temperature ranges. In recent times, this model finds applications in the context of exotic
superfluid pairing phases [122—125], with potential applications towards study of unconven-
tional superconductors. Now a days Bose-Fermi mixtures, that combine Egs. (1.7) and (1.15)
is also a frontier area of research, in both materials and cold atomic gases [126—129].

The next section discusses some platforms where these effective many-body models can

be utilized.

1.3 LOW-DIMENSIONAL QUANTUM SYSTEMS

The low-dimensional many-body models provide an opportunity to study many interesting
quantum phenomena — exotic quantum phases and quantum phase transitions driven by
quantum fluctuations. It is known that there can exist no true long-range order (LRO) in
1D and 2D systems at a finite temperature, obeying the Mermin-Wagner theorem [130-132].
However, LRO may exist in these systems at T = 0. The LRO in such systems, e.g., the BCS
phase in cold atomic gases, can be destroyed in presence of disorder and external fields.
Even then, a quasi-long-range order (QLRO) or short-range order (SRO) [46] can be found
in these systems. The roles of quantum fluctuations and geometrical frustrations in the GS
are still under extensive investigation, and it is one of the most active areas of research in the
condensed matter community today.

While the physics of bulk materials are often successfully explained using Fermi liquid
theory, the quantum fluctuations and reduced dimensionality make its predictions fail for
low-dimensional systems with strong correlations. These are instead explained by the Lut-
tinger liquid theory, proposed by Tomonaga [133], Luttinger [134] and Mattis [135]. In nature,
there exist many materials where the dominant exchange interactions are confined in certain
directions only. Therefore, these materials effectively behave like low-dimensional systems
and are well described by the Luttinger theory and low-dimensional many-body Hamilto-
nians. This is especially true in case of most magnetic materials. For example, a system
in which dominant exchange interactions acting along a particular direction can be effec-
tively modelled by a one-dimensional (1D) spin chain. Whereas, a materials with dominant
exchange interactions confined in a plane or layer is effectively modelled using a 2D spin

model. Typically, in low-dimensional spin systems the intra-chain or intra-layer exchange
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coupling is ~ 10> — 10° times the inter-chain or inter-layer exchange coupling. Hence, the
magnetic properties of these systems can be explained by simple low-dimensional spin mod-
els. Most of the investigated spin—1/2 materials consist of Cu** ions, and Ni** ions for
spin-1 materials. 1D materials like LiCuV Oy [71], LiCuSbOy4 [136] etc., have FM nearest neigh-
bor (NN) and AFM next nearest neighbor (NNN) interactions. The frustration due to com-
peting exchange interactions induces an incommensurate magnetic order in most of these
materials. Similarly, various effective 2D lattice structures exist in materials, with different
coordination numbers. The most common 2D lattice structures are square lattice, triangular
lattice, Kagome lattice, honeycomb lattice, etc. In some undoped copper oxide insulators
like La;CuO4 and YBay;CuOg [137], the AFM exchange interactions among spin—1/2 of Cu?*
ions form square lattice like structure. The study of spin—1/2 AFM triangular Heisenberg
model is relevant to certain inorganic salts like LiNiO; [138], CspCuCly [139], organic com-
pounds like ¥ — (BEDT — TTF),Cus(CN)3 [140] etc. The Ir** ions of Iridates like NayIrO;
and LirIrO3 [141, 142] are arranged in a layered honeycomb lattice structure.

Layered high temperature Cuprate superconductors are yet another interesting subject
where effective low-dimensional Hubbard like models can be used to understand the physics
of the system. LapCuO, is among the first discovered high temperature superconductor
where the dominant AFM interactions between Cu?* ions lies on CuO, plane [137], whereas
K>CuFy is one of the materials which show 2D FM order [143]. Using Hubbard models var-
ious phases in this system are currently being explored including the tripe superconductor
phase, where magnetism coexists with superconducting order.

In addition to these, there has emerged another ‘designer” platform in recent decades, that
now allows scientists to ‘see” many-body Physics in action. In 1995 Ketterle et al. demon-
strated the phenomena of BEC in an ultracold gas confined in an optical lattice [144], and
in 2005, showed the BEC-BCS crossover and superfluidity [145]. Since then various exotic
quantum phases, including superfluids with non-trivial pairings, and topological phases are
being studied in these systems. An optical lattice is a pseudo-crystal formed by perpendic-
ularly interfering laser beams [46, 146—148]. The maxima of these interference points give a
three-dimensional (3D) lattice. These lattice points act as the confining sites for neutral atoms
or ions in the cooled gases, and are analogous to orbitals in materials. The effective pressure
at these lattice sites can be varied from attractive to repulsive using various external fields
and effects, e.g., Feshbach resonance [149]. Application of strong planer magnetic fields can

confine the dynamics of the system to 2D or 1D. For realizing various triangular, honeycomb
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and Kagome geometries etc., the lasers are made incident at particular angles [150-153]. The
ultracold atoms in these lattices act as the electrons in the solid; they can tunnel quantum
mechanically between lattice sites just as single or paired electrons [154] tunnel through
the periodic potential wells created by positive ions in crystals. This has been a very active
platform for studying many-body physics in action [46], and its pristine environment and
high tunability has already allowed scientists to explore many new quantum phases that are
otherwise difficult to study in materials.

Let us now look at three broad classes of problems studied in this thesis — behavior of
multi-quantum wires junctions, the coexistence of superconducting order with magnetism

in Fermi gas, and topological phases and edge modes in Fermi gas.

1.3.1  Quantum Wires and Their Junctions

The physics of many bulk materials with weak interactions are well described by the cele-
brated Fermi liquid theory [155]. However, in low dimensions the effect of quantum fluctua-
tions are much more enhanced leading to a non-Fermi liquid behavior of the systems, such
as 1D quantum wires [33] Tomonaga-Luttinger liquid (TLL) theory describes the physics of
these systems and it is known that such systems show a suppression of the bulk electronic
density of state (DOS), for all limits of the TLL parameter (g) in the low energy limit [133-
135]. The power law decay of the bulk electronic density of states (DOS), p(€) ~ |e —er|* (eF
is the Fermi energy) is a well known signature of TLL wires, where the value of & depends
on the system parameters. Here &« > 0 indicates the fact that the DOS goes to zero as the
energy approaches the Fermi energy which is an effect induced purely due to inter-particle
interaction.

An early study of tunneling into a TLL wire was reported by Oreg and Finkelstein [156]
and since then there have been several works reported on the topic. [157-163] Amongst these,
Jeckelmann [160] used dynamical density matrix renormalization group (DMRG) method to
a 1D spinless fermion (SF) chain with nearest neighbor interaction. They confirmed that the
bulk DOS shows a power law suppression as € — er in the gapless phase, as is expected
from the TLL theory. They also confirmed that the tunneling density of states (TDOS) shows
an enhancement (suppression) as € — er at the boundary of the SF chain for attractive
(repulsive) inter-particle density-density interaction, which is consistent with the predictions

of TLL theory [164].
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While 1D TLL wires have been regularly synthesized with high precision [165-169] and
their theoretical properties have been extensively investigated [133, 134, 170-173], the junc-
tion of TLL wires still remains an open problem. The multi-TLL wire junction represents a
quantum impurity problem that is distinct from an isolated quantum impurity embedded in
the bulk of a pristine TLL wire, owing to its much richer fixed point structure.

An interesting variant of the two-terminal TLL wire set up is the junction of three or more
TLL wires. Such multi-wire junction of TLL wires presents a quantum impurity problem
which is distinct from an isolated quantum impurity embedded in the bulk of a pristine TLL
owing to its much richer fixed point structure. In recent times, junctions of TLL wires have
gained much interest, especially the three-wire junction (Y junction) which is the simplest
non-trivial junction of 1D TLL wires. This structure can be recognized as a basic constituent
of future quantum circuits and has already been explored experimentally. [68-70, 174-178]
The first theoretical work on this topic was reported by Nayak et al. [179], where they used
bosonization and boundary conformal field theory techniques to obtain fixed point conduc-
tance of the Y junction hosting a resonant level. Since then the studies on the topic has
predominantly focused on finding various interesting fixed points and analyzing the spec-
tral properties of the system using bosonization, weak interaction renormalization group
(WIRG) or functional renormalization group(fRG). [158, 161, 179-198] An exhaustive study
of various fixed points of a Y junction enclosing a central flux (¢), and their correspond-
ing conductances was reported by Oshikawa et al. [195] using bosonization and boundary
conformal field theory techniques. They conjectured the existence of a stable “mysterious”
M fixed point (¢ = 0 condition) in the attractive interaction regime 1 < ¢ < 3. However,
they also concluded that the conformally invariant boundary condition describing this fixed
point could not be identified and it remained an open problem. Later Rahmani et al. [191]
developed a method to evaluate the conductance of junction of multiple TLL wires using
static ground state (gs) correlations and applied it to the M fixed point where the ground
state was obtained numerically.

Studies of TDOS using bosonization technique for a Y junction of bosonic TLL wires
was also reported by Agarwal et al. [158] and they identified a collection of fixed points
which showed enhancement of TDOS in the zero frequency limit. This effect was attributed
to an Andreev-like reflection off the junction. This study was later extended to include spin
degrees of freedom [161]. The ground state properties of Y junctions have also been explored

using DMRG techniques. [199-201]. However a gap in literature still remained regarding the
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dynamical properties of the Y junction, especially for the case where no additional flux was

enclosed at the junction, and this is the primary focus of the work discussed in Chapter 3.

1.3.2 Interacting Quantum Gas

Superfluidity and superconductivity are among the most direct manifestations of quantum
fluctuation in strongly correlated systems. While the phenomena of superconductivity and
superfluidity were reported in 1911 and 1938, respectively, the microscopic theories behind
these phenomena came much later. A phenomenological theory of superfluidity was pro-
posed by Landau in 1941 [202], and the Bardeen-Cooper-Schrieffer (BCS) theory for (con-
ventional) superconductors was proposed in 1957 which described superconductivity as a
macroscopic effect of condensation of Cooper pairs [203]. After demonstrating Bose-Einstein
condensation (BEC) in ultracold atomic gases in 1995 [144], Ketterle et al. were again the
first to experimentally report the occurrence of superfluidity in ultracold fermionic gases
in 2005 [145], and since then superfluidity is often associated with BEC, though neither
phenomenon is directly related to the other. [204] Although initially viewed as separate
phenomena, today superconductivity is viewed as superfluidity in charged media. Both are
described by pair formations and long-range interactions in the respective media. Begin-
ning in 2002 [205], studies in the context of cold atoms could now directly correlate physics
of quantum many-body Hamiltonians with tunable interactions in experiments involving
trapped cold atom superfluids in optical lattices [46, 146]. For a simple Hubbard model with
hopping and on-site Hubbard interactions (U), a BCS-like phase was observed for attrac-
tive interactions (U < 0) [145]. It was reported that in the presence of population imbalanced
spinor gas, a phase with spatially modulated charge and spin densities could be observed [47,
206]. In some cases, this phase could co-exist with the quasi-long range BCS order in these
superfluids, similar to the proposed Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase [207-
209]. Recently, a similar phase was also reported in unconventional layered superconduc-
tors, where magnetic and superconducting orders could co-exist in the type-II phase of the

superconductor [210-212].

1.3.2.1 Fulde-Ferrell-Larkin-Ovchinnikov phase

The FFLO phase was originally proposed to exist in superconductors subjected to magnetic

fields that exceeded the Pauli pair breaking limit. However, the stability of this phase requires
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the absence of orbital distortions in the material. Unlike the conventional BCS phase, the
presence of large magnetic field causes an imbalance in the population densities of the two
spin species (up and down). The GS of the FFLO phase has instead a nested Fermi surface
structure and bound pairs are formed with a finite momenta (g > 0) and gives a spatially
modulated superconducting order parameter. [207-209] The hallmark of this phase lies in
the twin peaks of the pair momentum distribution function. So far the FFLO phase has not
been observed in a conventional superconductor as the critical magnetic field for transition
into normal state is reached before the Pauli limit. Also, impurities in the sample tends
to destroy the unstable FFLO phase [213—215]. FFLO phase has been observed in layered
Cuprate superconductors and certain organic superconductors [210—212], and in cold atomic
superfluids [216].

Cold atomic systems trapped in optical lattices [146] can be studied in a very clean and
controlled environment and hence provide an ideal platform for realizing the otherwise elu-
sive FFLO phase. Magnetic field can be simulated in these systems using synthetic gauge
fields derived from Raman recoil momenta of the lasers forming the standing wave struc-
ture of the optical lattices [217, 218]. The spin up and down states are simulated from the
hyperfine states of the atomic species used. [46] The Feshbach resonances [149] allows the
interactions to be tuned in magnitude as well as sign (attractive or repulsive). By properly
transposing the laser beams, different low-dimensional structures like 1D lattice, 2D square
lattice, honeycomb lattice, etc. [150-153], can be created. In recent years both bosonic and
fermionic superfluids have been simulated in this platform.

The Gaudin-Yang model [219] for a two-component Fermi gas in one dimension with
repulsive interactions is among the earliest solved models for realizing the FFLO phase.
Yang [220] employed bosonization calculations to find the s-wave pairing correlations in the

FFLO phase of the model as follows,
(ehrel cinciv ) o x|~ cosq|x], x| =i =l (1.16)

where, q corresponds to the non-zero momentum of the bound pairs in the FFLO phase. This
relation has since been verified for the FFLO phase in Fermi-Hubbard models using numer-
ical calculations [221-223] as well as in experiments with cold atomic superfluids. In par-
ticular, Liao et al. [206] measured the density profiles of a spin-imbalanced two-component
ultracold Fermi gas of °Li atoms in a harmonic trap confined in a quasi-1D optical lattice

geometry. They confirmed that the system exhibits a fully paired phase for small magnetic
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Figure 1.1: Schematic of a 1D wire which can host Majorana modes at the ends when placed in
proximity with a suoperconductor. Ref. [72].

fields, a fully polarized phase for large magnetic fields and a partially polarized phase ex-
hibiting FFLO correlations. Contrary to the 3D case, the FFLO superfluid was observed in the
center of the system, surrounded by either fully paired or fully polarized periphery. How-
ever, the experimental data did not reveal the smoking gun signature of the FFLO phase,
the momentum distribution function (MDF) of the pairs peaked at non-zero momentum.
Several proposals have been made for the unambiguous experimental detection of the FFLO
correlations so far, including time-of-flight measurements of the molecule MDF after pro-
jecting the pair correlations onto the molecules using a Feshbach resonance, measuring of
noise correlations, and rf-spectroscopy. The current experimental thrust in this field also in-
cludes studying the response of the FFLO phase to external impurities and its spectroscopy.
Studying the FFLO phase in 2D case also has applications to its solid state counterpart in
unconventional layered superconductors [210-212].

We discuss the FFLO phase and its transition in a 1D Fermi gas with attractive interactions,

in presence of Zeeman field and spin-orbit coupling interactions in chapter 4.

1.3.2.2 Topological phase and Majorana Zero Modes

Another related area of study in interacting quantum gases concerns creation and manip-
ulation of topological phases and associated zero energy modes in the system. The main
idea behind these efforts lies in creating robust quasiparticle modes that can withstand any
perturbations in the bulk and remain entangled to each other irrespective of the physical
separation distance, owing to their topological nature. [23] A pioneering effort in this direc-
tion was put forward by Kitaev [72] in 2001 when they showed that two entangled Majorana

zero energy modes (MZMs) could be created at the ends of a 1D semiconductor wire placed
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in proximity with a trivial s-wave superconductor, thereby generating effective p-wave like

pairings (Fig. ??(a) ) []. The Hamiltonian of this system is given by,
1
H=) —t(c}rcjﬂ + c}rﬂc]') —u <C}rcj — 2> + Acjcji1 + A*c}rﬂcf (1.17)
j

where, A = |Ale? represents the superconducting order parameter, and p represents the
chemical potential of the system. Each of the fermion creation or annihilation modes can be

mathematically transformed to “half” modes as follows (Fig. ?2(b) ):

Taj1 —eif/2 4 e*i()c}/Zl (1.18)
. it

Yoj = — i€/ +ie i0c; /2 (1.19)

(1.20)

The transformed Hamiltonian in Eq. (1.17) can thus be written as,

i
"= 2 Y [=mr2im172i + (E+ [AD) 12121 + (= + [AD 12j172)42] (1.21)

]

The dispersion spectrum of this system shows the existence of a small gap near k = 0 and
a large bulk gap for |k| > 0. This ensured that only quasiparticle modes at or near k = 0
could transition from the valance bond to the conduction band at zero energy. Eq. (1.21) has

two special cases:

(i). Trivial case: |A| =t =0, u < 0. This gives rise to the following Hamiltonian, that shows
property similar to that of a simple 1D quantum wire.
L
H=—pu Z Y2j-172j (1.22)

j=1

(1.23)
(ii). Non-trivial case: |A| =t > 0, = 0. This gives rise to the following Hamiltonian, that

shows that the terms y; and 7,y are left out. These two “half modes” at the ends of the

1D wire can either yield an electron or not, but both these cases would be topologically
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degenerate. They are referred to as Majorana zero energy modes (MZMs) as they do
not cause any energy cost to the system, due to their absence from the Hamiltonian.

L-1

H =it Z Y2iV2j+1 (1.24)
=1

(1.25)

The MZMs created at the end of the wire can be mathematically shown to be their own anti-
particles, just like the original Majorana fermions proposed by E. Majorana [] which were
charge-less fermions that satisfied Dirac’s equation for spin—1/2 particles. [] Another exotic
property associated with these MZMs is their non-Abelian statistics []. If two indistinguish-
able particle were in states ¢ (r1) and ¢ (r2) respectively, their exchange is related to their

original states as,

Pa(r1) g1 (r2) = 41 (r1)9a(r2) (1.26)

The phase factor ¢/ is 1 in case of bosons and —1 for fermions. The later is related to the
Pauli exclusion principle which prohibits the fermions to occupy the same quantum states.
The exchange statistics followed by bosons is called Bose-Einstein statistics and that followed
by fermions is called Fermi-Dirac statistics. [] In 2D, there exist quasiparticle modes whose
exchange statistics show 6 € [—r, 7t]. Such non-trivial exchange statistics is referred to as
non-Abelian statistics and is at the heart of braiding operations through which quantum
computations are carried out [224]. The MZMs created in the 1D Kitaev model are also ex-
pected to show such statistics and therefore this model is an important platform for carrying
out topological quantum computation [27].

In recent years, cold atoms trapped in optical lattices have emerged as an alternative plat-
form for creating MZMs and carrying out topological quantum computation. This platform
shall be discussed briefly in chapter 5.

A large variety of theoretical approaches like perturbation theory with higher order series
expansions [225], spin wave analysis [226], Schwinger boson mean field theory [227], func-
tional renormalization group (fRG) and other renormalization techniques [228], bosoniza-
tion [229, 230], semi-classical non linear c-model [231] have been used to study these many
body systems. While some particular 1D models can have exact analytical solutions, a major-

ity of these models are unsolvable using these techniques. Therefore, approaching solution
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of these systems through computational methods becomes important in these cases. The
exact numerical calculations of the many body Hamiltonian are computationally expensive,
since the degrees of freedom in the system increase exponentially with system size. There-
fore, various approximate methods are developed for working with large system sizes , e.g.,
numerical renormalization group method [228, 232] density matrix renormalization group
(DMRG) method [233-236] for interacting and /or frustrated 1D or quasi-1D systems, various
quantum Monte Carlo (QMC) methods [237-239] to solve higher dimensional unfrustrated
spin models etc. In recent years, matrix product states and tensor network methods have
established themselves as promising tool for the investigation of the many body systems.

For our investigations, we employ DMRG methods to solve the problems in this thesis.

1.4 SYNOPSIS OF MAIN RESULTS AND PLAN OF THE THESIS

In this section we present the brief summaries of each of the chapters of this thesis. Chapter 2
introduces the numerical methods used for solving all the many-body problems in this thesis.
Chapter 3 discusses the behavior of a Y junction of three 1D quantum wires. Chapters 4 focus
on interacting 1D Fermi gas and explore various phases in the system, including the exotic
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase. Chapter 5 explore the topological phase
in a interacting 1D spin-orbit coupled Fermi gas. Finally we summarize and conclude this

thesis by discussing applications and future works in chapter 6.

Chapter 2
Chapter 2 describes the numerical methods, i.e., exact diagonalization and density matrix
renormalization group methods. These two numerical methods are used to solve all the

problems in this thesis. It also discusses the correction vector method for calculation of the

local density of states used in chapter 2.

Chapter 3

In chapter 3 we revisit the problem of a symmetric Y junction of three quantum wires, con-

nected at the common point. While the properties of such fixed point are known when the
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junction encloses a flux, the case with no flux corresponds to the M fixed point first pre-
dicted by Oshikawa et al. [195]. We study this system for the fermionic case through a spin-
less fermion model with next nearest neighbor interactions, and the bosonic case through
spin—1/2 hard core bosons. We show that the junction shows an anomalous density of states
at this fixed point, in the attractive limit of interactions, for both the bosonic and fermionic
cases. We also show that the enhancement is highly localized at the junction in the thermo-

dynamic limit.

Chapter 4

From here onwards we shift our attention to the problems of interacting quantum gases,
in the context of trapped cold atomic gases. In chapter 4 we examine an interacting Fermi
gas with attractive interactions, in presence of a Zeeman field. We find that following earlier
predictions, there exists a trivial Bardeen-Cooper-Schrieffer (BCS) phase at low magnetic
field, and a fully polarized (FP) phase at high fields. At intermediate fields, there exist two
partially polarized phases — the exotic FFLO phase, as well as a multi-mode pairing (MMP)
phase close to the boundary of the FP phase. We discuss various criteria for identifying this
FFLO phase. We find that the transition between the BCS to the FFLO phase is first order or
discontinuous whereas, the transition between all the other phase boundaries are continuous.
Since the on-site attractive U promotes the BCS order in the system, higher Zeeman field
strengths are required to reach the FFLO phase for large U. We present a complete phase
diagram in the phase space of on-site interactions U, Zeeman field &, and electron filling v.
Next, we study the effect of a transverse spin-orbit coupling (SOC) field in the interacting
Fermi gas. As before, for a fixed SOC strength, the trivial BCS phase is found at low Zeeman
fields and FP phase at high field. In the intermediate regime there exist the partially polar-
ized FFLO and MMP phases. Unlike the no SOC case, now the transition from the BCS to
FFLO phase is also continuous with another exotic mixed BCS-FFLO phase in this param-
eter regime. We find that SOC also promotes the BCS like order, but on neighboring sites.
Thus, for finite SOC strengths, larger Zeeman fields are needed to reach the FFLO phase.
Also, contrary to earlier proposals, we do not find any signature of topological phases in the
FFLO regime. We present the phase diagram of this model for various SOC strengths in the

phase space of U, Zeeman field / and electronic densities.
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Chapter 5

In chapter 5, we examine the effect of introducing a harmonic potentials in the model of the
previous chapter. We find the existence of exponential degeneracy in the energy gaps of the
system for low electronic densities and above a threshold potential, that is consistent with an
earlier proposal for creating a topological phase in this system. However, we show that this
exponential degeneracy is susceptible to local perturbations or impurities in the bulk and is
not robust. This system also fails the criteria of local distinguishability. Our calculations of

the entanglement spectra and Schmidt gap support these findings.

Chapter 6

This thesis is concluded with necessary remarks and discussions in chapter 6.
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NUMERICAL METHODS

2.1 INTRODUCTION

In the last chapter we discussed some important low-dimensional strongly correlated model
systems relevant to understand various materials which may have applications in our daily
lives. These model systems have large number of local degrees of freedom and their col-
lective arrangement forms global description or macroscopic phase of the full system. The
global phase of the system is governed by interactions between the local variables. To de-
termine the phase of the system we need to minimise the energy of the system, i.e., solve
the model Hamiltonian. Unfortunately, there exist only few model Hamiltonians which can
be solved exactly, for example, various non-interacting tight-binding models for graphene-
like systems [240], and some interacting models such as the one-dimensional (1D) anti-
ferromagnetic Heisenberg model [241] of spin—1/2 chains and the 1D fermionic Hubbard
model [82]. Some of these interacting model Hamiltonian can be solved using Bethe Ansatz [79].
However, in many cases, these model systems are too simple to be used for realistic descrip-
tion of real materials. Analytical techniques like spin wave analysis [226], renormalization
group methods [228], and field theoretical methods like bosonization [229, 230], Schwinger
boson mean field theory [227], and semi-classical non-linear c—model [231] etc., have been
successfully applied to study models where inter-electronic interactions are weak. Some
of these techniques have been successful in studying many 1D quantum spin model sys-
tems [33].

In general, strongly correlated systems are difficult to solve due to the large number of
degrees of freedom involved, and the Hilbert space of the system grows exponentially with
the system size, e.g., if the degrees of freedom associated with each individual site of the

system is m, the Hilbert space of an N-sized system is m". In many cases where analytical
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methods fail to give accurate solution of the model Hamiltonians, numerical methods can
be employed more reliably. Numerical methods can be broadly classified in two categories:
exact diagonalization methods, and approximate numerical methods. The exact diagonaliza-
tion of model Hamiltonians can be carried out for only small system sizes. However, they are
important for benchmarking the approximate methods that are used for larger system sizes.
Density matrix renormalization group (DMRG) techniques [233-236], numerical renormal-
ization group [228, 232] and functional renormalization group [242, 243] and various types
of quantum Monte Carlo techniques [237-239] are among the most popular approximate
methods for solving strongly correlated systems. Though exact diagonalization of model
Hamiltonians can be carried out for only small system sizes, they are important for bench-
marking the approximate methods that are used for higher system sizes. The benchmarked
approximate methods can then be used for finite size scaling of the calculated results and to
extrapolate the results in the thermodynamic limit. In the next sections we shall discuss the
exact diagonalization technique, quantum Monte Carlo technique and DMRG technique in

detail. DMRG has been our main tool of investigation in all the problems of this thesis.

2.2 EXACT DIAGONALIZATION

The interactions in the model Hamiltonian govern the properties of the system and to calcu-
late any observable, eigenvalues and eigenvectors of the Hamiltonian should be calculated
[39]. The first step in the process of solving the Hamiltonian is identification of a suitable
basis for expressing the microstates of the system. Once the suitable basis is chosen we need
to find the conserved quantities in the system with respect to which the relevant operators
would commute. Such conserved quantities are chosen to divide the Hamiltonian matrix in
blocks, e.g., the z—component of the spin S* or the total spin S of the system commute with
the Hamiltonian, [H,S*] = 0 and [H, S| = 0. In case of conserved S*, the Hamiltonian ma-
trix for a fixed S* forms a block and their elements does not mix with matrix element from
different S* blocks.

A spin—1/2 system has 2 degrees of freedom and has two possible spin configurations:
| 1) and | |), if the z—axis is considered as the quantization axis. The x and y components
of the spin operator, i.e., S* and SY are expressed in terms of the spin raising S™ and spin
lowering S operators in the Hamiltonian. The basis state forms an orthonormal set, therefore,

the Hamiltonian matrix becomes symmetric in this basis. The Hilbert space of a spin—1/2
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system of size N is 2. The eigenvalues of H, S?> and S* matrices can be denoted by E,
S(S+1) and ms, respectively. The commutation between H and S* matrices ensures that
the Hamiltonian matrix in a S* basis is block diagonal for each S* sector. This block diag-
onalization property of the Hamiltonian helps reduce the computational cost by allowing
us to work with Hamiltonian blocks belonging to particular S* sector, rather than working
with the whole Hamiltonian. For a S = 1/2 spin system, the number of basis states for total
5=0,1,2,..., and N/2 are NCN/2,N CN/zl,N Cn/22, .-, and 1, respectively.

In case of spinless fermion system, the basis of local charge occupancy or number operator
|n;) plays a similar role. The spinless fermion system also has two possible configurations: |0)
and |1), representing an empty and an occupied site, respectively. It also has a Hilbert space
dimension of 2V for an N-sized system. In fact, the spin—1/2 can be mapped to a spinless
fermion system using the Jordan-Wigner transformation [244]. Using this transformation,
the up or | 1) (down or | |)) spin of the spin system is mapped onto an occupied or |1)
(unoccupied or |0)) spinless site, and vice versa. The phase factors associated with fermionic
commutations or electron exchange is delocalized over the whole system. The Hamiltonian
matrix can be again block diagonalized with respect to the conserved electron number #,,
which can itself be mapped onto the S* operator. For a spinfull fermion system, both the local
charge and spin configurations are considered and the basis is given by |57, #;). In case of
spinfull fermion systems, both the spin and charge degrees of freedom are relevant and each
site can have four configurations: |0), | |), | 1), and | 1), thus the corresponding Hilbert
space dimension becomes 4N. Hence it can be understood from here that magnetic systems
are computationally easier to tackle than spinfull fermionic systems, since the computational
cost is commensurate with dimension of the Hamiltonian.

Another way to divide the Hilbert space dimension to decrease the computational cost is
through exploiting the symmetries of the system. In some cases, symmetry operators like re-
flection (spatial) or spin parity symmetry operators commute with the system Hamiltonian.
Therefore, these quantities are also conserved and application of these symmetry operations
can divide the dimension of Hilbert space and each of these spaces form block Hamilto-
nian matrix. These block matrices can be separately diagonalized to get the eigenvalues and
eigenvectors. The ground state properties of many models are non-trivial owing to large
degeneracies in the low-lying states of the Hamiltonian. Such degeneracies cause slow down
or non-convergence of the low-lying energy states. These degeneracies are often related to

certain types of symmetries. We can get rid of these issues by applying the symmetries to di-
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vide the Hilbert space and diagonalize the matrix elements of Hamiltonian blocks separately.
Each of the lowest degenerate states go to different symmetry subspaces.

In many cases, the model Hamiltonian may preserve parity and inversion symmetries. A
system is said to posses spin-parity symmetry if a rotation of all spins in the system around
the x— or y—axis through an angle 7, i.e., flipping all spins in the system, leaves the system
unchanged. This is possible in an isotropic magnetic system in the S* = 0 sector and gives
the effective transformation | 7 | & | | |. Similarly, a spinless fermion system possesses an
electron-hole parity if all the electron occupying sites were replaced with holes and vice versa,
|1| = |0|, and the system remained unchanged. A system has an inversion symmetry if all
sites of the system are rotated about an axis passing through two sites — 1 and N /2 + 1 sites
of the systems by an angle 77, and the system remains invariant. A system with translational
symmetry remains invariant if all the spins/electrons/holes in the system are shifted to an
adjoining site, e.g., in systems with periodic boundary conditions. Schematic representations
of these operations are given in Fig. ().

The Hamiltonian in different symmetry subspaces can be obtained by a rotation operation
as I:Lw = R;rmemmemxr where R is a unitary symmetry operator of dimensions m X r.
After rotation of the Hilbert space, the dimension of the new Hamiltonian H is r x r. The
Hamiltonian matrix is represented in the basis states of a conserved quantity, S* sector or
conserved electron number 7,. Since most of the Hamiltonian matrices studies involve only
short range interactions, it is usually a sparse matrix in the chosen basis. The number of
non-zero matrix elements are of order O(m), and they are stored to conserve computational
space. Despite exploiting block diagonalization properties and symmetries in the system, the
Hamiltonian matrix dimensions remain exponentially increasing with system size, thereby
limiting the system sizes upto with this method can be practically applied with regular
computers. Now, let us see how the exact diagonalization is implemented.

The main idea behind the exact diagonalization method is to diagonalize the Hamiltonian
matrix of the system in an untruncated Hilbert space, or if possible, reduced Hilbert space by
exploiting symmetries, in a suitable basis. The lowest lying eigenvalues and eigenvectors are
then used to calculate the desired observables. This method can be divided in the following

steps:
(i). Construction of the basis states, say, |¢;),i =1,...,m.

(ii). Formation of the Hamiltonian matrix in that basis states, H;; = (¢;|H|¢;),i = 1,..., m.
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(iii). Diagonalization of this Hamiltonian matrix, [H;;] .

Using applicable symmetries, the computational cost of full diagonalization of a Hamilto-
nian to find the full spectrum of the system is of the order of O(m?). Calculation of the
ground states and only a few of the low-lying states still entail computational cost of the or-
der of O(m?). This implies that working with moderate to large system sizes would involve
working with Hamiltonian matrices of dimension ~ 10° — 107, which is computationally ex-
pensive. There exist many algorithms like Lanczos method [245, 246], modified Lanczos algo-
rithms [247], Davidson algorithms [248, 249] etc., that can be employed to find the low-lying
eigenstates without full diagonalization of the Hamiltonian matrix. Davidson algorithm is
among the most popular algorithms for calculating the low-lying eigenstates a large sym-
metric and sparse matrix [250]. We use a modified version of this algorithm — the Rettrup
algorithm [251] for the problems in this thesis, which also works for non-symmetric matrices.
We briefly discuss the Rettrup algorithm below.

Let us consider a large sparse Hamiltonian matrix H™) of dimension m x m. We consider

0

a set of | < m orthonormal guess vectors v;’ : i = 1,...,] and construct a smaller [ x [ matrix

h()  such that,

D _ oD gm0
b/ = (v;’|H )|vj Z.

to

(2.2)

Diagonalization of this smaller matrix h(!) using standard exact diagonalization routines

gives | eigenvalues Ay, k = 1,2, ..., and eigenvectors c,EZ),k =1,2,..,1, respectively. Now we

can define a set of guess eigenvectors C,(Cl) for the large matrix H as the linear combination

Sl), with components of the eigenvectors of h(!), c,&l),

as coefficients. Thus, the approximate eigenvectors C,((m) for the larger H{l) matrix are given

of the initial orthonormal guess vectors v

by,

e =xc (v, k=12,
(2:3)
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where, c]((l)(i) is the i—th component of the k—th eigenvector c,(cl) arranged in an ascending

order of corresponding eigenvalues Ax. From here, we can construct the i—th component of

the k—th correction vector P](cl) as follows,

(D) ¢
0 R ()

P () = kL

e () A — Hiji

(2.4)
where, the residual vector R,((l) (i) is defined as,
R = (H- A1) CV.
(2.5)

I is the usual identity matrix. Using the correction vector P(I) we expand the initial vec-
tor space v;;i = 1,...,] with an augmented vector v;;; that is obtained from Gram-Schmidt

orthogonalization of P(l) to the set of vectors v;;i = 1, ...,1, as shown below,

__ o \70%
Vi = PO —ZL (PO v o =
(2.6)

The small matrix h(l) is now augmented to the matrix i(I + 1) by adding a new row and
a new column. We repeat the procedure beginning with Eq. (2.1) by now replacing I by
I + 1. The process is repeated until the dimensions of the smaller matrix h(l) exceeds a pre-
set threshold value I.. The iteration is stopped when the desired accuracy of eigenvalue is
reached.

The computational cost in the above mentioned method goes as ~ O(m?). Hence, it be-
comes difficult to perform exact diagonalization of the Hamiltonian matrix for large systems.
However, ground state and a few low-lying energy states can be calculated for system sizes
upto ~ 32 for spin systems and ~ 14 for spinfull fermions. To solve larger systems, various
approximate numerical techniques are available. Among them, DMRG method is one of the
most efficient and accurate method for calculation of ground states and low-lying excitation

of 1D and quasi-1D systems. Broad outline of this method is provided in the next section.
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2.3 DENSITY MATRIX RENORMALIZATION GROUP

Density matrix renormalization group (DMRG) is a state of art numerical method [252]
which is based on the systematic truncation of irrelevant degrees of freedom of the system at
each iterative steps. Thus, eventually yielding a system with manageable degrees of freedom
which still gives an accurate description of the physical system.

Among the earliest approaches towards renormalization lies Kadanoff’s [253] block for-
mation technique for spin-clusters which he used to calculate the scaling relations and crit-
ical exponents of the system. Though still not in the form of today’s standard renormaliza-
tion group procedures [254], it incorporated the idea of reducing the number of degrees
of freedom of the system without changing the model itself, in an iterative way. The next
most important milestone was perhaps Wilson’s numerical renormalization group (NRG) ap-
proach [255]. It has been successful for solving the Kondo model and still remains popular.
It is modified and expanded for use in calculation of transport phenomena [228, 232], etc.
NRG employs a renormalization scheme in the momentum space in which well-separated
energy shells are added and states corresponding to the lowest energy levels are retained
in an iterative way. However, this formulation poses an essential problem if attempted with
respect to real-space renormalization. This is because joining of two real-space blocks leads
to creation of hard wall boundary conditions in the middle of the system. And the NRG state
selection, which uses the lowest energy eigenstates to represent new renormalized state, will
yield wavefunctions with nodes at the hard wall boundary. Thus, joining the wavefunctions
of two real-space blocks to find the ground states of the joined block will lead to the cal-
culations of an erroneous joined wavefunction. This illustrates the main problem of using
low-energy wavefunctions of subblocks to find the low-energy wavefunction of the joined
block [256, 257].

S. R. White resolved this problems by formulating the density matrix renormalization
group (DMRG) method which considers the growing system in the presence of an envi-
ronment instead of growing an isolated system [233, 256]. He considered a “full” system
superblock composed of system and environment block. For an eigenstate of the superblock
Hamiltonian a reduced density matrix of the system is constructed by integrating over the
environment degrees of freedom. The eigenvalues of the reduce density matrix gives the
probability of the rotated basis and only eigenstates corresponding to the largest (lowest)

eigenvalues or most relevant degrees of freedom are kept. Thus, DMRG utilizes the most
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probable eigenstates of the reduced density matrix to find an optimally projected Hilbert
space of the system block. Thereafter, all relevant operators and the Hamiltonian are rep-
resented in the truncated basis by a renormalized process at every step of the calculation.
The iterations finally end after reaching the desired system size and the Hamiltonian matrix
is diagonalized in the truncated Hilbert space. Since it optimizes the expectation values in
the ground state, or a few low-lying states, DMRG can be viewed as an iterative variational
optimization for these quantities.

The basic DMRG algorithm and its modification find wide use in the condensed matter
community due to the ability to handle strong correlations and is regularly applied for study-
ing zero temperature properties of 1D and quasi-1D magnets, fermionic and bosonic systems.
Refs. [234—236, 257—260] provide detailed review on the DMRG method and its application
to various systems. It has been successfully applied to study the ground states properties of
spin—1/2 Heisenberg models in 1D and ladder geometries [261-263], and also for frustrated
spin ladders. A detailed study of spin correlations, spin gap, low energy spectrum, and
study of edge modes in a spin—1 chain was conducted using DMRG in refs. [233, 264, 265].
DMRG has also been successful in solving low-dimensional Fermi Hubbard model [266—
273] and Bose Hubbard model [274—280], t-] model [281—286], Pariser-Parr-Pople model [287,
288]. Efforts are being continually made to expand it for calculating dynamical or spectral
properties of the system [270, 289—294], extending it to two-dimensional (2D) systems [295—
301], for real-time evolution of systems [302—310], and for finite temperatures [311—316]. The

following subsection describes the basic DMRG algorithm for a 1D chain in more detail.

2.3.1  DMRG for 1D Linear Chain

The DMRG method is a state-of-the-art numerical technique based on the systematic trun-
cation of least relevant degrees of freedom at each iterative step. It allows calculation of the
wavevector and energy eigenvalues of ground state and a few low-lying states of large sys-
tem sizes with high accuracy. The wavevector can, in turn, be used to calculate expectation
values of various static and dynamic quantities of the model system. The DMRG method
consists of mainly two algorithms — (i) the infinite size DMRG algorithm and (ii) the finite
size DMRG algorithm. In the infinite DMRG algorithm, a small system is gradually grown
into a larger system of desired size by adding new site(s) at each iteration. This is followed

by the finite DMRG algorithm in which the total size of the system remains constant but the
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Figure 2.1: A schematic representation of the infinite size DMRG algorithm for a 1D chain.

sub-blocks are iteratively increased (decreased) in size until one reaches the end and then
the process is continued backwards until the sub-blocks are of equal size again. This is done
to optimize the basis of relevant degrees of freedom. A few iterations, retaining sufficient de-
grees of freedom at each step, yield accurate lowest-lying wavevector(s) of the system. The
general DMRG algorithm for 1D systems is described in more detail in the following sub-
sec. 2.3.1. In subsec. 2.3.2, we describe the modified Y junction DMRG calculation used by us
for calculating the static and dynamical properties of a Y junction of three identical quantum
wires in chapter 3. Subsec. 2.3.3 describes the correction vector method for calculation of the

local tunneling density of states in chapter 3.

2.3.1.1  Infinite DMRG

We start with a small system of four sites (Fig. 2.1), divided into four blocks containing one
site each — (from left) the ‘left’ block L, the ‘left new’ block I, the ‘right new” block r, and
the ‘right” block R. The full system constituted by these four blocks is called the ‘superblock’,
and the system Hamiltonian can be written as the direct product of the constituent blocks

as,
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H=H,® H ® Hr & Hg.
(2.7)

The superblock can also be divided into the system block i and the environment block j. We
adopt the convention that the system block s is composed of the left block L and the left new
block [, and the environment block is composed of the right new block R and the right block
r. Next, we diagonalize the Hamiltonian H in Eq. (2.7) to get the ground state eigenvector
|) and the ground state eigenvalue of the superblock. We can expand the wavefunction |¢)

in the basis of the system and the environment block as,

9) = Eise) Csels)]e)
(2.8)

where, |s) and |e) represent the basis states of the system and environment blocks, respec-

tively. The density matrix of the system can be formed from this wavefunction as [317],

Pss’ = Z(e) C;keces’
(2.9)

where the summation e is carried over the environment degrees of freedom. The largest (or
lowest) eigenstates of the density matrix of the system provide the most important contribu-
tions in the expectation value of any observable of the system. Therefore we construct the
density matrix p with the eigenvectors corresponding to the m largest eigenvalues (closest
to the ground state) of density matrix of the system. Let us assume that the dimension of
the density matrix p is M x M. Then, the reduced density matrix (p’) has dimension M x m.
The reduction of dimension is necessary only when M > m. The next step involves renor-
malization of all operators in the system block and the Hamiltonian matrix with the reduced
density matrix p’. The renormalized Hamiltonian H and operators O related to system block

can be written as,

= (o) "H;p'andO;s = (p")*Osp’

(2.10)
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where, H; and O; represent the renormalized Hamiltonian and the operators of the system
block and have reduced dimensions of m x m. The renormalized Hamiltonian H, and O,
of environment block are same as H; and Os, respectively, if the system and environment
blocks are symmetric to each other.

Now, that we have the reduced density matrix of the initial superblock, we work on grow-
ing the superblock. For that, we add two new sites in between system and environment
blocks as shown in Fig. 2.1(b) . The old left block and the old left new block, which earlier
formed the system block, now become the new left block L'=L+1. Similarly the old envi-
ronment block constituted by the right new block and the right block is the new right block
R’ = R +1, as shown in Fig. 2.1(c). We divide the new superblock in two the system and
environment blocks, as before. If the Fock space dimension corresponding to each site is d,
then Hamiltonian dimension of the new system block will be m x d. The new system block

Hamiltonian can be written as,
H, =H;Q1L;+0, 0 (2.11)

where [ is the d—dimensional identity matrix, O represents any renormalized site operator
in the L’ block that together with the new O; from the new left block constitutes a multiple-
site operator of the Hamiltonian, e.g., nearest neighbor density-density interactions term in
extended Hubbard model, G’L ®O; = n~’L & n;, where n} corresponds to the density operator
acting at the right most site of the left block L'. The new environment block Hamiltonian
H] is the same as that of the system block H, if the system and environment blocks are
symmetric with respect to each other. Combining the new system and environment blocks,

we can write the composite Hamiltonian of the new superblock as,

H,:I:Ié®1m><d+Im®OL®OI®Im+Im®ol®or®lm+lm®or®o~12®lm+Hé®1m><d

where, O, and Og represent the operators on the right new site and the left most opera-
tors on the right block that that together with O, constitutes a multiple-site operator of the
Hamiltonian, respectively. We can now diagonalize this Hamiltonian, get the density matrix
and truncate it to get the reduced density matrix and follow the iterative procedure until the
desired system size is reached. Below, we give a brief outline of the infinite DMRG algorithm

following the schematic in Fig. 2.1 :
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(i). We start with a superblock of system size, N = 4, constituted of four blocks containing

one site each: L, I, r and R blocks.

(ii). We find the eigenvectors of this superblock through exact diagonalization, and con-

struct the density matrix p" from the columns of the eigenvectors.

(iii). We construct the reduced density matrix p’ by using the eigenvectors that correspond

to the m largest eigenvalues (ground state and low lying states).

(iv). We renormalize the Hamiltonian and all operators with this reduced density matrix,

as shown in Eq. (2.10).

(v). If N is less than the desired system size, we add a new site to the left and right blocks
each, so that the systems grows by 2 spatial dimensions in size. Thus, the left block is

now L' = L + 1 and the right block is now R’ = R + 1, as shown in Eq. (2.11).

(vi). We construct the superblock corresponding to to this N + 2 sized system as shown in

Eq. (2.12).

We repeat all the steps from (ii) to (vi) until the desired system size is achieved. During the
above mentioned process, all the operators related to all the left and right blocks are stored

to be used in the finite DMRG process.

2.3.1.2 Finite DMRG

To get an optimized wave function and accurate system properties, we next perform finite
DMRG sweeps when the desired system size N is reached using the infinite DMRG process.
The system size remains fixed in the finite DMRG algorithm, instead the left (right) block size
is increased (reduced) at each step until the right block contains only one site. Then the right
(left) block size is increased (reduced) at each step, until the left and right blocks are of the
same size again. Now, the right (left) block size is increased (reduced) at each step until the
left (right) block contains only one site. Then the left (right) block size is increased (reduced)
at each step, until the left and right blocks are of the same size again. This describes one
complete finite DMRG sweep. The finite DMRG procedure is illustrated in the schematic

Fig. 2.2, and summarized below:

(i). We start with the diagonalized superblock Hamiltonian obtained at the end of the
infinite DMRG algorithm discussed above. This superblock has the left and right blocks

of the same size L = R, as shown in Fig. 2.2(a).
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Figure 2.2: A schematic representation of the finite size DMRG algorithm for a 1D chain.
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(ii).

(iii).

(iv).

).

(vi).

(vii).

The left to right sweep starts with adding one new site to the left block L' = L +1,
and removing one site from the right block R’ = R — 1 to keep the total superblock or

system size N fixed, as shown in Fig. 2.2(b).

We form an diagonalize the new superblock (with fixed total size), as done previously
in Eq. (2.12). The eigenvectors again give us the density matrix p of the system block,
which we truncate to get the reduced density matrix p’ keeping eigenvectors corre-

sponding to m largest eigenvalues close to the ground state.

We renormalize all the operators and Hamiltonian of the system block in the reduced

density matrix p’ basis space.

If R >1or L > N—2+1, that is we have not reached an open end of the system,
we repeat the process by adding one more new site to left block and shrink the right
block. We Repeat all steps until the right block is reduced to a single site as shown in

Fig. 2.2(c).

Once, R = 1, the same process is followed in the opposite direction, i.e., the right (left)
block is grown (reduced) by one site in each step until the left block is reduced to one

single site as shown in Fig. 2.2(d-e).

Once L = 1, we again start growing the left block by one site and remove sites from
the right block by one site until the left and the right block have the same size L = R =

N /2 —1 as shown in Fig. 2.2.

This whole process is referred to as one finite DMRG sweep. 5 — 10 finite DMRG sweeps are

generally adequate to thermalize the 1D system.

In this thesis, we are use this conventional DMRG algorithm for 1D system with open

boundary conditions. A modified DMRG algorithm [200] where we study a symmetric Y

shaped system instead of a 1D chain. This modified algorithm is described below.

2.3.2 DMRG for Y junction system

The Y junction algorithm a slight modification of the 1D algorithm itself [200], where instead

of a right new block we work with a top block that is equivalent to the right or left blocks

in the 1D case. Fig. 2.3 shows the infinite DMRG algorithm for the Y junction, and its basic

steps are summarized below:
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Figure 2.3: Schematic diagram for the infinite DMRG algorithm for a symmetric Y junction of 1D
chains. The black circles represent old sites and the and red filled circles represent new
sites, respectively. The left, right and top blocks are represented by yellow, blue and green
blocks, respectively. The fading red circles denote the extra site absorbed in each block in
the previous iterative step.
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@).

(ii).

(iii).

@iv).

).

We start with a superblock of system size, N = 4, constituted of four blocks containing
one site each: Left block L, Top block T, Right block R and new site blocks. The system
block is made of the Left and new site blocks whereas the environment blocks are

made of the Top and Right blocks. The superblock Hamiltonian is given by,

H-= HL ® HT ® HR ® Hnew site-
(2.13)

We find the eigenvectors of this superblock through exact diagonalization, and the
density matrix pN of the system block can be constructed from the columns of the

eigenvectors and is given by,

pé\s]/ = Z(e) CoeCes!
(2.14)
where the summation e is carried over the environment degrees of freedom.

We construct the reduced density matrix p’ by using the eigenvectors that correspond

to the m largest eigenvalues (ground state and low lying states).

We renormalize the Hamiltonian and all operators with this reduced density matrix,

similar to what was done for the 1D chain case in Eq. (2.10).

If N is less than the desired system size, we add a new site to the left, top and right
blocks each, so that the systems grows by 3 spatial dimensions in size. Thus, the left
block is now L' = L + 1, the top block is now T = T + 1 and the right block is now
R’ = R +1, as shown in Fig. 2.3(b). The new system block Hamiltonian can be written

as,

H; = HS & i+ O~£ & Onew site (2.15)

where the symbols have the same meaning as in Eq. (2.11).
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(vi).

Combining the new system and environment blocks, we now construct the superblock

corresponding to to this N + 3 sized system as follows,

H' :H§®Im><d+Hé®1m><d+Im®dL®Onewsite®Im (2-16)
+ Im ® O~T ® Onew site ® Im + Im ® O~R ® Onew site ® Im

where the symbols have usual meanings.

Once the desired system size is reached, the finite DMRG algorithm is performed similar

to the 1D chain algorithm. It can be summarized as follows (Fig. 2.4):

@).

(ii).

(iii).

@iv).

).

(vi).

We start with the diagonalized superblock Hamiltonian obtained at the end of the
infinite DMRG algorithm discussed above. This superblock has the Left, Top and Right

blocks of the same size L = T = R, as shown in Fig. 2.4(a).

We keep one block size (out of Right, Top and Left blocks) fixed and increase/decrease
the size of other two blocks until the end is reached, then the reverse process is per-
formed until all blocks (out of Left, Top and Right) are of the same size again. Then

the same is performed with respect to two other combination of blocks.

To take example of one combination — of the Left and Right blocks. The Left to Right
sweep starts with adding one new site to the Right block R’ = R + 1, and removing
one site from the Left block L’ = L — 1 while the total superblock size N remains fixed,

as shown in Fig. 2.4(b).

We form and diagonalize the new superblock (with fixed total size), as done previ-
ously in Eq. (2.16). The eigenvectors again give us the density matrix p of the system
block, which we truncate to get the reduced density matrix p’ keeping eigenvectors

corresponding to m largest eigenvalues close to the ground state.

We renormalize all the operators and Hamiltonian of the system block in the reduced

density matrix p’ basis space.

2
IfR>1orL > §<N — 1) — 1, that is we have not reached an open end of the system,
we repeat the process by adding one more new site to left block and shrink the right

block. We Repeat all steps until the right block is reduced to a single site as shown in

Fig. 2.4(c).
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Figure 2.4: A schematic representation of the finite size DMRG algorithm for a Y junction structure.

(vii). Once, R = 1, the same process is followed in the opposite direction, i.e., now the right
(left) block is grown (reduced) by one site in each step until the left block is reduced to

one single site as shown in Fig. 2.4(c) to (b) to (a) to (d) to (e) ).

(viii). Once L = 1, we again start growing the left block by one site and remove sites from
the right block by one site until the left and the right block have the same size L = R =
2

§(N — 1) as shown in Fig. 2.4(e) to (d) to (a).

This whole process when repeated for all three pairs: Left and Right blocks, Left and Top
blocks, Top and Right blocks, is referred to as one finite DMRG sweep. 510 finite DMRG
sweeps are generally adequate to thermalize the Y junction system. In chapter 3, we are use

this DMRG algorithm for the symmetric Y junction of three quantum wires.
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2.3.3 Dynamical calculations

In this subsection we briefly revisit the calculation for the local tunneling density of states
that we shall calculate in chapter 3 using the correction vector method. The correlation am-
plitude between the measurement of a local operator A, acting at a site x at a time t = 0 and

of the same operator acting at site x at a finite ¢, can be given by [318],

(ol AL()GA|po) = (wole P ATe™ A, |ypo)

‘ (2.17)
= (ipo| AL/ F=E A o)

where, i = 1 in natural units, and Ej is the eigenstate of the Hamiltonian H acting on |¢).

Taking Fourier transform of this operator,

:/ dt e iEt (ei(H’EO)t) (2.18)
0

= G(E) = (—~Ey—E+H)™! (2.19)

Now, it is clear from Eq. (2.18) that the Green’s function would have a pole whenever H has
an eigenvalue E,. The poles of G(E) identify all the energy eigenvalues of H. Thus, if |i,)

are the eigenvalues of H with energies E,;, then Eq. (2.19) becomes:

G(E) _Z( EO_E"‘H)AW?IMU’M (2.20)
- 2 E|;Pn_ E¢_T_ E, (2.21)

Now, Eq. (2.18) can only be expected to converge if E has a negative imaginary part. Thus, E
must carry an imaginary part and the physical significance of the Green’s function depends

on the complex part of the energy, however small. Taking, E = w — iy gives,

_ [¢n) (n
G(E) = ; E—Fo—wiin (2.22)

In the neighborhood of one of the poles,

G(E) ~ [ ) (Y| (En — Eo — w) _ i) (Pn|

(En—Eo—w)>+12  (En—Eg—w)>+ 12 (2.23)
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For small 7, 716(x) = #}72, thus,

1

G(E) = [¢n) (¢n] E,—Eo—w ind(E, — Eg — w) (2.24)

The delta function resulting from the imaginary from the imaginary part of G keeps track of
the density of states.
Substituting back from Eq. (2.22) in Eq. (2.17), we get the local density of states at local

position x,

p(E) = —~Im [ (o] ATG(E) Aclyo) (225)
) (1]
ol | (ol A LB (Bt )+ iy AX|¢°>] (2.26)

I [E (9l As| o) (227)

n E”_(E0+w)+i77

This is referred to as the sum-over-states representation of the local density of states. It can

be written using the correction vector method [270, 319-321] as,

1
Eo+w) +in

px(w) :<¢O‘AlH_ ( Ax|tpo)

(2.28)

Depending on the system, Al can represent the spin raising operator (S;), the boson creation
operator (bl), or the fermion creation operator (cl), acting at site x in Eq. (3.6). We have used

this expression to calculate the local tunneling density of states in chapter 3.

2.4 CONCLUSION

In this chapter, we have explained the numerical methods— exact diagonalization and den-
sity matrix renormalization group (DMRG) techniques used for our calculations in all the
problems discussed in this thesis.

In this chapter, we have introduced several fermionic, spin and bosonic model Hamiltoni-
ans which we would be using to model systems in the chapters to follow. We also introduced
methods for exact and approximate solutions of the model Hamiltonians. For exact diagonal-

ization studies, the method of our choice is the VB method. A brief introduction to DMRG

41



technique, another approximate but highly accurate method for quasi- one-dimensional sys-
tem is also presented. The DMRG method has been extensively used for studies in this
thesis. Another widely used many body technique for higher dimensional system is the
QOMC method. A brief overview of the QMC method has been presented although we have

not used the method for the studies reported in this thesis.
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Y JUNCTION OF IDENTICAL QUANTUM WIRES

3.1 INTRODUCTION

The technological advances at sub-micron scales have enabled fabrication of one-dimensional
(1D) wires and their junction with high precision [165-169]. In a confined quasi-1D geometry,
effect of inter-electronic repulsion is omnipresent, and the weakest of interactions could drive
the system to the Tomonaga-Luttinger liquid (TLL) phase in the low energy limit. [33, 252,
322] The TLL phases [170, 323] of 1D electronic quantum systems have been of sustained
interest to condensed matter physicists due to their non-Fermi liquid behavior. [133, 134,
170-173] The power law decay of the bulk electronic density of states (DOS), p(e) ~ |e — e |*
(er being the Fermi energy) is a well known signature of TLL wires, where the value of
« depends on the system parameters. Here a« > 0 indicates the fact that the DOS goes to
zero as the energy approaches the Fermi energy which is an effect induced purely due to
inter-particle interaction.

An early study of tunneling into a TLL wire was reported by Oreg and Finkelstein [156]
and since then there have been several works reported on the topic. [157-163] Amongst these,
Jeckelmann in Ref. [160] applied dynamical density matrix renormalization group (DMRG)
method to a 1D spinless fermion chain with nearest neighbor interaction. They confirmed
that the bulk DOS shows a power law suppression as € — er in the gapless phase, as
is expected from the TLL theory. They also confirmed that the tunneling density of states
(TDOS) shows an enhancement (suppression) as € — er at the boundary of the spinless
fermion chain for attractive (repulsive) inter-particle density-density interaction, which is
consistent with the predictions of TLL theory [164].

An interesting variant of the two-terminal TLL wire set up is the junction of three or more

TLL wires. Such multi-wire junction of TLL wires presents a quantum impurity problem
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which is distinct from an isolated quantum impurity embedded in the bulk of a pristine
TLL owing to its much richer fixed point structure. In recent times, junctions of TLL wires
have gained much interest, especially the three-wire junction (Y junction) which is the sim-
plest non-trivial junction of 1D TLL wires. This structure can be recognized as a basic con-
stituent of future quantum circuits and has already been explored experimentally. [68—70,
174—-178] The first theoretical work on this topic was reported by Nayak et al., where they
used bosonization and boundary conformal field theory techniques to obtain fixed point
conductance of the Y junction hosting a resonant level. [179] Since then the studies on the
topic has predominantly focused on finding various interesting fixed points and analyzing
the spectral properties of the system using bosonization, weak interaction renormalization
group (WIRG) or functional renormalization group(fRG). [158, 161, 179-198] In particular,
an exhaustive study of various fixed points of a Y junction enclosing a central flux (¢), and
their corresponding conductances was reported by Oshikawa et al. using bosonization and
boundary conformal field theory techniques. They conjectured the existence of a stable “mys-
terious” M fixed point (¢ = 0 condition) in the attractive interaction regime 1 < ¢ < 3. [195]
However, they also concluded that the conformally invariant boundary condition describing
this fixed point could not be identified and it remains an open problem. Later Rahmani et
al. developed a method to evaluate the conductance of junction of multiple TLL wires using
static ground state (gs) correlations and applied it to the M fixed point where the ground
state was obtained numerically. [191]

Studies of TDOS using bosonization technique for a Y junction of TLL wires was reported
by Agarwal et al. in Ref. [158] and a collection of fixed points were identified which showed
enhancement of TDOS in the zero frequency limit. This effect was attributed to an Andreev-
like reflection off the junction. This study was later extended to include spin degrees of
freedom in Ref. [161]. The ground state properties of Y junctions have also been explored
using DMRG techniques. [199—201]. However it should be noted that a numerical study using
dynamical DMRG techniques focused on evaluation of TDOS for Y junction is presently
lacking in literature, and is the primary focus of the present work.

Sec. 3.2 starts by considering a Y junction of spin—1/2 chains with nearest neighbor
anisotropic (XXZ) Heisenberg type interaction. This model can be exactly mapped on to
a hard-core boson model with nearest neighbor interaction. We perform a DMRG study of
Y junction for the Heisenberg XXZ model and the corresponding spinless fermion model.

We use the correction vector approach to calculate the local contribution to the TDOS of the

44



system. [319—321, 324] We first study the Y junction of spinless fermion chains and draw
a comparison with the existing studies of 1D fermionic chains and report enhancement of
TDOS in g > 1 limit. Thereafter, we shift our focus to the Y junction formed by Heisenberg
XXZ spin—1/2 chains and verify the existence of enhancement in TDOS near the junction in
g > 1 limit. We also demonstrate that the enhancement of TDOS is related to the M fixed
point. It should be noted that the evaluation of TDOS requires dynamical correlations func-
tions as input. The previous study by Rahmani et al. [191] used time-independent DMRG
to calculate the static ground state correlations, while we evaluate the dynamical correla-
tions using dynamical DMRG techniques for the M fixed point, hence enriching the existing
understanding of this analytically unsolvable problem of M fixed point. Next, we explore
the finite size effect on the TDOS spectra in the enhancement regime, and comment on the
length scale of the observed TDOS enhancement near the junction.

This chapter’ is organized in four sections. The motivation and existing studies related
to our problem have been introduced in Sec. 3.1. The model and numerical techniques are
described in detail in Sec. 3.2. The calculation of TDOS for the system using the correction
vector method has been explained there. The results are described in the following sections.

We have summarized our findings at the end in Sec. 3.7 .

3.2 THE MODEL & METHOD

We consider a Y junction of N = 3/ + 1 sites, constituted by three 1D TLL wires of ¢ sites each,
connected at a common central site labeled x = 0, as shown in schematic Fig. 3.1. Our goal
is to study both the bosonic and the fermionic Y junction models. We start by considering a
Y junction of three spin-1/2 chains, where spins are interacting with their nearest neighbors
only through an anisotropic (XXZ) Heisenberg like interaction. The model Hamiltonian for

the system is given by

13 3
b _ J _
= ;{2 . E(kasxﬂ,k +he) + PSStk +}; E(SSFSLk +h.c.) +J°5551 k|
x=1k= —

(3-1)

1 The work reported here is based on the paper “Tunneling density of states in a Y junction of Tomonaga-Luttinger
liquid wires: A density matrix renormalization group study”, by Monalisa Singh Roy, Manoranjan Kumar, and
Sourin Das in Phys. Rev. B 102, 035130 (2020).
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Figure 3.1: Schematic of Y junction of size N = 3¢ 4+ 1 sites, formed by three 1D TLL wire arms of
length ¢ each (encircled), joined at an additional central site, at x = 0. In our convention,
the labeling of the spin sites start from the junction, as illustrated in the figure.

where S;’/k (S.x) and S7, are the spin raising (lowering) operator and z—component of local
spin operator, respectively, acting at lattice site x on leg k of the system. SJ (S, ) and S are
the spin raising (lowering) operator and z—component of local spin operator, respectively,
acting at the junction site x = 0. The first part of the Hamiltonian represents exchange
interactions in each of the three wires (labeled by k = 1, 2, 3). In the present work, we consider
the XXZ model Hamiltonian, therefore we have taken [* = [¥ = | and the value | = 1 has
been kept fixed in all the calculations related to the XXZ Y junction, and J* is the variable
parameter.

Next, we consider the Y junction of hard-core bosonic wires where the bosons obey only

nearest neighbor inter-particle interaction, and the corresponding Hamiltonian can be writ-

ten as
0—-1,3
H= ) {_t<b1,kbx+1,k +h.c.)
x=1,k=1

1
+an,knx+1,k =+ K Nxk + Z

y 1
+ Z [—t(bébl,k +h.c.)+ Vﬂonl,k} +u (710 + 4) ,
k=1

(3-2)

where b, (b; ;) and n,; are the boson annihilation (creation) operator and the number
operator, respectively, acting at lattice site x of leg k. by (b}) and ng are the boson annihilation

(creation) operator and occupation number operator, respectively, acting at the junction site
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x = 0. In the hard-core bosons limit, the maximum occupation number of the each site is 1,
i.e., each site possesses two degrees of freedom, similar to the spin—1/2 system. The Hamil-
tonian in Eq. (3.1) can be exactly mapped to this bosonic Hamiltonian in Eq. (3.2), through
the transformation t = —J/2, V = J* and y = J?, where t, V, and y are the transfer integral,
density-density interaction strength between neighboring sites, and the chemical potential
strength of the system, respectively [30]. Since there is a one-to-one mapping between the
har-core bosonic and Heisenberg XXZ spin—1/2 and the whole energy spectrum is same,
we solve only the XXZ model and refer to it as the bosonic Y junction.

Finally, we consider the spinless fermion model on the Y junction geometry, where the
fermions obey only nearest neighbor inter-particle interaction, and the corresponding Hamil-

tonian can be written as,

H= ) [_t(cjc,kcx+l,k +h.c.)

1
HVngner ke +p ek + 4
2
+ Y —t(cher + hc.) — ¥'(cfers + hec.)
k=1

3
1

+ Y Vnonip+p <”0 + > ,
k=1 4

(3-3)

where c, (cl/k) and 7,y are the fermion annihilation (creation) operator and the occupation
number operator, respectively, acting at site x of leg k. ¢y (c}) and ng are the fermion annihi-
lation (creation) operator and number operator, respectively, acting at the junction site x = 0.
The model Hamiltonian in Eq. (3.1) can be mapped to this fermionic model Hamiltonian in
Eq. (3.3) using Jordan-Wigner (JW) transformation [244] through the parameter transforma-
tions as: hopping integral t = —]/2, electron-electron interaction V = J* and the chemical
potential # = J*. t' in Eq. (3.3) can be related to t in Eq. (3.2) as ' = [To_,(=1)m2tmt (the
site labels are shown in schematic Fig. 3.1). It is easily seen that Eq. (3.3) is essentially same
as Eq. (3.1) and Eq. (3.2) for a linear 1D chain. However, for the multi-wire junction, the
fermionic system is distinguished due to the non-trivial phase factors associated in the hop-
ping interaction t’ between the junction and the third constituent wire, which accumulates
the delocalized JW phase from the other two constituent wires. We refer to this SF Y junction

system as the fermionic Y junction. It should be emphasized that this excess phase in the
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fermionic case is not a single particle phase, rather it is a many-body phase which depends
on the occupancy of fermions at the central site and the other constituent chains. When we
are in the TLL phase, the electron is delocalized and hence the occupancy of fermion at the
central site is a dynamical quantity. So, the difference between the bosonic and fermionic
case can be thought of as a difference of having or not having a dynamical phase factor
associated with the junction site. Further, it should be noted that this extra phase which
distinguishes the Y junction of bosonic chains from the Y junction of fermionic chains can
not be thought of as a small difference since it can have non-trivial consequences in deciding
the stable fixed point for the Y junction. This difference would also be reflected later in the
TDOS power laws for both models. In continuum model of TLL these extra phase are intro-
duced into the tunneling Hamiltonian forming the junction via Kline factors and a detailed
discussion on the influence of their presence in deciding stable fixed point of Y junction can
be found in Ref. [194]. In our numerical analysis using DMRG for the fermionic Y junction,
we have kept t' =t = 1 fixed for all calculations. In this paper we study both the bosonic
and fermionic Y junction models.

To correlate our lattice model parameters with the TLL parameter, we use the results
from the 1D bosonic and fermionic systems. The TLL parameter g; corresponding to the
exchange interaction J* of 1D spin—1/2 or bosonic system can be derived using Bethe ansatz
(a derivation is presented in Ref. [325]), and is given by

;S =1+ %sin_1 <]]Z> . (3-4)

The TLL parameter g corresponding to the inter-particle density-density interaction V in the
half-filled 1D fermionic model can be derived using Bethe Ansatz (a derivation is presented
in Ref. [171]), and is given by

872 T—cos1 (V/2t) 35

The limit J* = 0 (V = 0) corresponds to the free-particle limit, where g¢; = 1 (g5 = 1).
The ferromagnetic J* < 0 (or attractive limit V' < 0) corresponds to the TLL parameter
1 < gs(gf) < oo, and the antiferromagnetic J* > 0 (or repulsive limit V' > 0) corresponds
to 0 < g5(g¢) < 1. We study the TDOS in the bosonic and the fermionic Y junction systems
in both the 0 < gs(gf) < 1and 1 < gs(gy) < 3 limits to identify the enhancement and

suppression regimes.
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Since all the model Hamiltonians considered on the Y junction geometry in Eq. (3.1), (3.2),
and (3.3) contain many-body interaction terms, hence, the degrees of freedom in the system
increases exponentially with the system size N. Therefore, the exact diagonalization (ED)
technique is used for system sizes up to N ~ 28, and DMRG technique is used for larger
system sizes, up to N = 610. DMRG is a state-of-art numerical technique based on the
systematic truncation of irrelevant degrees of freedom, and renormalization of the system
observables with the reduced density matrix wavefuncion. [235, 256] For accurate calcula-
tions we have used the modified DMRG algorithm especially designed for Y junction, which
renders the accuracy of these calculations comparable to that for linear 1D chains. [200] To
maintain a reliable accuracy in the calculations, eigenvectors corresponding to ~ 200 largest
eigenvalues of the density matrix are retained in each DMRG sweep. The truncation error
of the density matrix eigenvalues is less than 10~!2. For better accuracy, we perform finite
DMRG upto 10 sweeps, and the total error in the ground state is less than 0.01%.

In this paper, study of TDOS is our main focus. TDOS is equivalent to locally injecting a
magnon into the ground state of the system, which can access all the excited states with a
finite transition probability determined by the non-zero transition matrix elements between
the ground state and the respective excited state. Thus, the TDOS for a system gives infor-

mation about the low lying excitations in the system, and can be defined as,

palw) = [ eIt (| Ax (1) AL(0) o)
_2/ —i(w-+in)t g
X (ole A (0)e ! ) (9] ALO) o)

| (ul Allyo)|?
wm [;En—(b‘ow)m

(3-6)

where |¢9) and Ej represent the ground state wavefunction and energy, respectively. |¢,)
and E, represent the eigenvector and eigenvalue corresponding to the n'" eigenstate of the
system, respectively. AT represents the spin raising operator (S;), the boson creation operator
(b), or the fermion creation operator (cl), acting at site x in Eq. (3.6). The spatial numbering
in the Y junction system is shown in Fig. 3.1. The broadening factor # used in the calculation
of TDOS in Eq. (3.6) is generally proportional to the lifetime of quasi-particles. It helps in

avoiding the unphysical divergence in p,(w) at the Fermi energy and it induces a Lorentzian
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behavior in p,(w) near resonance frequency w, = E, — Eo. This does not change the physics
of the problem, and to extract the power law exponents (x) of px(w) as a function of w, we
fit py(w) with power law function for w > 5. 7 = 0.20 has been kept fixed throughout all
the calculations. Both w and # have been described everywhere in units of t. We use the
TDOS correction vector technique to calculate the TDOS, which is a state-of-art numerical

technique for dynamical calculations [319-321, 324].

3.3 GROUND STATE

The ground state of fermionic Y junction systems for odd N-sized system (even (-sized
constituent chain lengths) contains p = N /2 + 1 fermions, for an isotropic interaction t = V;
whereas for the spin—1/2 Y junction (bosonic Y junction) model, the ground state lies in
§* = 1/2 manifold at | = J*. For even N system size (odd ¢) at the isotropic interaction limit
t = V, the ground state of the spin—1/2 system has three spin—1/2 up spins delocalized at
the edge of each leg and a down spin delocalized near junction sites; however, overall the
ground state of the system is a triplet state. In the anisotropic limit J,/] <1 (V/t < 1), the
ground state of the spin—1/2 or bosonic Y junction system (fermionic Y junction system)

lies in S* = 0 (0 = N/2) sector. [200].

3.4 STATIC PROPERTIES & M FIXED POINT

Since we observed qualitatively similar TDOS enhancements at the junction in both the
bosonic and the fermionic Y junction systems, though the TDOS power law exponents dif-
fered quantitatively for the two models, it becomes important to identify the stable fixed
point the Y junction flows into, to correctly characterize the system. In absence of any ex-
ternal field, the Y junction preserves the time reversal symmetry and can be described by
the elusive M fixed point reported in literature. [195] The M fixed point describes the stable
fixed point for the Y junction with the following properties: (1) It must be time reversal in-
variant, (2) It must be a wire-symmetric junction (symmetric under permutation of the three
wires forming the junction), and (3) The bulk Luttinger parameter g should be bounded by
1<g<3.

It is well known that the bosonization description of the M fixed point is not possible,

and that only the numerical study of the same can be conducted. [191, 195] Rahmani et al.
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Figure 3.2: (Color online) Log-log plot of the static current-current correlations for the (a) fermionic Y
junction system at V' = —1/2 and +1 (or equivalently, g = 1.192 and 3/4 from Eq. (3.5)),
and (b) bosonic Y junction system, at [* = —1/2 and +1 (or equivalently, gs = 3/2 and
1/2 from Eq. (3.4)), where x represents the site index as shown in schematic Fig. 3.1, and
¢ = (N —1)/3 represents the length of each arm forming the Y junction. Here, N = 310.
Solid lines are of slope = —2.

investigated a fermionic Y junction model with periodic boundary conditions at half-filling
where they developed a boundary conformal field theory based approach to find the DC
conductance in these systems. [191] At the M fixed point of this Y junction in the regime of
attractive interactions (1 < g < 3), the following relation is expected to be followed away
from the boundary, i.e., for / — co and x — oo [191]:

Gpy = lim (JR()J7 (x)) s [a6sin (Fx) (3)
where | lg(x) and J/(x) represent the right-moving and left-moving chiral current on any
constituent wire B and < of the Y junction, respectively, and ¢ is the length of each arm
of the Y junction system. In the fermionic Y junction model, the current is simply given
by J(x) = i(clexs1 —cl, jcx), where cf(cx) represents the creation (annihilation) operator

—S§!.,S;), where 51 (S;) are

acting at site x. Similarly for spin system, J(x) = i (S{S_ 1

X “x+1

the spin raising (lowering) operators acting at site x. In the finite x /¢ limit, for £ — co and

x — o, Gg, should have a constant value and the following relation is expected to hold:

-2
7T

P ()7 (1)) gs [nl/gsin <£x>] (3.8)
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We plot (JF(x)]7(x))gs as a function of [nl/esin (?x)] in log-log scale in Fig. 5.5 to
confirm the validity of this relation. Figs. 5.5(a) and 5.5(b) correspond to the fermionic and
bosonic Y junction models, respectively. We observe that in both the attractive limit V' < 0
(Jz < 0) and the repulsive limit V > 0 (], > 0), the slope is found to be in the vicinity of —2
(represented by solid lines in Fig. 5.5(a) and Fig. 5.5(b)), which is consistent with previous
works. [191] The oscillatory nature of the static current-current correlations is clearly visible
in the repulsive V > 0 (J* > 0) limit, again consistent with Ref. [[191]]. This strongly suggests
that our Y junction systems could be in the vicinity of the M fixed point, in the attractive
regime of interaction V < 0 (J* < 0), which is also the same interaction regime where
we report the enhancement in TDOS of the junction in Sec. 3.5. Since the prediction of the
existence of M fixed point [195], not much was known about it except for its existence,
until the DC conductance related to this fixed point was reported in Ref. [[191]]. Even then,
the dynamical properties and power law exponents related to this fixed point remained
unknown until now. In the present work we show the relation of a stable M fixed point with
the enhancement of the TDOS in the attractive regime of interactions, and thus contribute
new information regarding this fixed point to the literature of multi-wire junctions. We note
here that both the bosonic and the fermionic Y junctions follow Eq. (3.8) in the attractive
interaction regime (V < 0 and J* < 0, respectively), although the respective power laws for

the TDOS enhancement are different, as discussed in Sec. 3.6.

3.5 ENHANCEMENT OR SUPPRESSION?

The TDOS spectrum for 1D TLL wires has been extensively studied in literature, where the
bosonic and the fermionic model spectra are indistinguishable. However for quasi-1D or
multi-wire junctions, such as a Y junction, difference in TDOS spectrum is expected between
the bosonic and the fermionic Y junction systems because of non-trivial many-body phase
factors involved in the fermionic Y junction model, any well defined analytic study of which
is lacking in literature. As the Y junction systems are well known for their unique behavior
of DOS near the junction [195], here we study the TDOS of this system near the junction for
both the bosonic and the fermionic Y junction models. Since the TDOS of the 1D SF model
has been extensively studied [160], therefore, we first recapitulate the TDOS results of the 1D

SF system, and then compare it with that of the Y junction system. The power law exponent
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Figure 3.3: (Color online) The TDOS spectrum of
junction (x = 0) for the fermionic Y
junction system pp(w) as a function
of frequency w, at V. = —1,0,+1 (or
equivalently, ¢y = 3/2,1,3/4 from
Eq. (3.5)), for a finite system size
N = 310, with broadening factor
1 = 0.20. The solid lines show fit-
ting of po(w) with power law func-
tion of the form p = Aw". The fitting
parameters (A,a) corresponding to
V = —1,0 and +1 are (0.070, —1.50),
(0.62,—0.13) and (0.44,0.12), respec-
tively. Inset: Power law exponents
a¢ y with error bars, for different V
(t =1 is kept fixed).
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Figure 3.4: (Color online) The TDOS spectrum of

junction (x = 0) for the bosonic Y
junction system, po(w) as a function
of frequency w, at [* = —1/2,0,+1
(or equivalently, ¢s = 3/2,1,1/2
from Eq. (3.4)), for a finite system
size N = 406, with broadening factor
1 = 0.20. The solid lines show fitting
of po(w) with power law function of
the form p = Aw®. The fitting param-
eters (A,a) corresponding to J* =
—-1/2,0 and +1 are (0.33,—0.69),
(0.46,—0.32) and (0.50,0.10), respec-
tively. Inset: Power law exponents
ap, y with error bars, for different [
(J =1 is kept fixed).

« corresponding to the TDOS of the bulk or mid-chain ayx, and TDOS of the boundary or

open end a¢ngq of the interacting 1D SF chain are given by

(g — 1)

Xpulk = B gf

and,

(3-9)

where ¢ is the Luttinger parameter, as defined in Eq. (3.5)

To compare the power law exponent ay,,j and aeng obtained for the 1D SF chain with that

obtained for the fermionic Y junction system («¢ y), we begin by calculating TDOS po(w) at

the junction site x = 0, for V = 1,0 and —1, as a function of frequency w, as shown in Fig. 3.3.

We notice that the TDOS of junction site near the Fermi-energy for V = —1 shows a peak at

w — 0 which is a signature of enhancement, whereas it shows a suppression near w — 0

for the V = +1. The peak near w ~ 0 for V < 0 owes its origin to the degeneracy at the
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Fermi-point of the half-filled fermionic Y junction system, and the TDOS shows Lorentzian
behavior with w for w < #, due to the introduction of the broadening factor 7, as discussed
for Eq. (3.6) in Sec. ?2. For V = +1, the TDOS shows a peak at a large w, which though
similar to 1D SF model, differs in terms of the power law exponent. For the 1D SF chain, ay,x
and aenq are calculated from Eq. (3.9) as 0.04 and 1/3, respectively, for V = +1. Whereas
we extract af y = 0.120 £ 0.04 from the TDOS spectra of the fermionic Y junction system
for V.= +1. For V = —1, apyx and aenq are calculated from Eq. (3.9) as 0.08 and —1/3,
respectively, but we extract &y y = —1.50 &= 0.07 for the fermionic Y junction. For V = 0, we
find af y = —0.13 £ 0.04. On increasing V, we notice transition in the nature of TDOS from
enhancement to suppression. The repulsive interaction fermionic Y junction model (V > 0)
shows suppression, whereas in the attractive regime (V' < 0) it shows enhancement, as
reflected by the change in sign of a¢ y in the inset of Fig. 3.3. In the inset of Fig. 3.3, the error
in extraction of a¢ y has been determined by keeping the lower bound for fitting as w ~ 7,
and by varying the upper bound of w € (27,1).

Similar to the fermionic Y junction model, the bosonic Y junction also shows a qualitatively
similar TDOS pattern. The TDOS py(w) of the junction site for the bosonic model for various
values of J* are shown as a function of frequency w in Fig. 3.4. We notice that TDOS of
junction sites po(w) for J* = —1/2 shows enhancement and the corresponding power law
exponent is extracted as a}, y = —0.69 £ 0.06. The maxima of py(w) decreases with increasing
J?, and po(w) follows a power law with exponent &}, y which increases with increasing J#, as
shown in the inset of Fig. 3.4. At J* = 41 the power law corresponding to the suppression is
given by a;, y = 0.10 £ 0.04. Similar to the fermionic Y junction case, the error in extraction
of ay, y in the inset of Fig. 3.4 has been determined by keeping the lower bound for fitting as
w = 1, and by varying the upper bound of w € (27,1).

While the regime of enhancement and suppression is qualitatively similar for the bosonic
and the fermionic Y junctions, especially in the regime of attractive interactions (J* < 0 and
V < 0), the quantitative details differ, e.g., in terms of the power law exponent «. The power
law exponents are ap, y = —0.86 & 0.08 for the bosonic Y junction, and a¢ y = —1.50 £ 0.07
for the fermionic Y junction at J* = —1 and V = —1, respectively. As discussed before in
Sec. ??, this difference could be attributed to the difference in the exchange statistics of the

particles of the respective models.
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36 LENGTH SCALE OF ENHANCEMENT

So far, we have illustrated that the bosonic and the fermionic Y junctions are connected to
a stable M fixed point in the parameter regime 1 < ¢ < 3 or the attractive interaction limit
(V < 0or J* <0). Existing studies in literature regarding the effect of impurities in quantum
wires point to a finite spatial cut-off on the enhancement caused by the impurities [185].
In similar spirit, we wish to study the spatial extent of the enhancement observed in the
attractive limit of the Y junction. Since the TDOS spectra of the bosonic and the fermionic
model on Y junctions are similar, here we present the results of only the bosonic Y junction
model. To estimate the spatial extent of the enhancement in TDOS, we plot the maximum
intensity of TDOS p, (w)) at peak frequency w; as a function of scaled distance from the
junction x’ = x// in Fig. 5.4 for the bosonic Y junction. p,/(w);) is inversely proportional to 7
in case of resonance condition and proportional to the sum of the squares of all the transition
matrix elements %Zn | (ST |0) |>. Therefore, keeping the 7 same, we can extrapolate the
sum of the matrix elements for different N. The spatial dependence of p,(w)) as function of
scaled spatial unit x’" at [* = —1/2 (enhancement regime) for three system sizes N = 106, 202
and 406 are shown in Fig. 5.4(a). The finite size dependence of p,/(w,) for sites near the
junction is weak as shown in Fig. 5.4(b), but it is strong for sites away from the junction, as
is clear from Fig. 5.4(a). We also note that the extent of enhancement of p,/(wy) is limited to
the neighborhood of the junction.

To study the length scale of enhancement near the junction in more detail, in Fig. 5.4(c) we
plot the TDOS px(w) as function of x, for different frequencies w, for N = 406 and J* = —1/2.
Near the junction, the TDOS follows a Lorentzian behavior of the form A/ (B + x2) with x for
0 < x < x., whereas it follow an algebraic decay of the form Gx~7 for x > x.. We recognize
the distance which shows this transition from Lorentzian fitting to power law fitting, x.,
as the length scale of TDOS enhancement. We note that x. decreases continuously with w
and eventually tends towards x, ~ 3 £ 1, as evident from the shrinking Lorentzian fitting
regime of py(w, N) with x in Fig. 5.4(c), and shown more clearly in Fig. 5.4(d). This result
is consistent with an earlier prediction for bosonizable fixed points of the Y junction which
predicts a relation between the length scale of enhancement of TDOS and the frequency scale
of tunneling w as, x. « 1/w. [158] From our analysis we conclude that for the symmetrically
coupled Y junction, at M fixed point, the enhancement of TDOS is highly localized near the

junction for moderate values of w.
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Figure 3.5:
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(Color online) (a) Plot of TDOS p,(wp, N) vs. x/, for different N at J* = —1/2 (or equiv-
alently, ¢s = 3/2 from Eq. (3.4)), for the bosonic Y junction, where, X’ = x//, and
¢ = (N —1)/3 is the length of each constituent chain, and x’ = 0 represents the junction
site (ref. to schematic in Fig. 3.1). w), is the peak frequency where the maxima of the TDOS
spectra occurs for a particular J* and N. (J = 1 is kept fixed). (b) Plot of TDOS maxima at
the junction pg(wp, N) vs. inverse system size 1/N, for the same parameters as in Fig.(a).
(c) Plot of TDOS px(w, N) vs. x, for different w at N = 406 and J* = —1/2, for the bosonic
Y junction. For x < x, the fitting is Lorentzian: py(w, N) = A/(B + x2), and is repre-
sented by the solid red curves. The parameters (A, B) extracted for w = 0.10,0.18,0.26,0.36
are (465.24,363.90), (298.05,250.25), (133.48,124.078), and (47.69,47.26), respectively. For
x > x, the fitting follows a power law: p,(w, N) = Gx~7, and is represented by the dashed
black curves. The parameters (G, ) extracted for w = 0.10,0.18,0.26,0.36 are (1.60,0.24),
(1.44,0.28), (2.14,0.54), and (1.64,0.60), respectively. (d) Plot of distance from the junction
up to which the Lorentzian fitting holds, x., as a function of w, for the same parameters
as in Fig.(c). It can be fitted with power law of the form, x. = 2/w.

56



3.7 CONCLUSION

In this chapter, we present TDOS behavior of both the bosonic and the fermionic Y junction
systems. We find that the TDOS in the proximity of junction (including the junction site)
shows enhancement in the attractive interaction limit and suppression in the repulsive inter-
action limit, for both the bosonic and the fermionic Y junction models. These results have
also been complemented by the static conductance calculations which lead to identification
of the fixed points responsible for the observed enhancement or suppression of the TDOS. In
particular, we show that the fixed point corresponding to the enhancement in the fermionic Y
junction model belongs to the M fixed point earlier predicted by Oshikawa et al. in Ref. [195].
Though we observe similar signatures in the static current-current conductance for both the
bosonic and the fermionic Y junction models, the power law exponents for the TDOS near
the junction for both systems are distinct, which can be attributed to the exchange statistics
of the respective particles— bosons in the bosonic Y junction model, and fermions in the
fermionic Y junction model. We note here that for a two-wire junction, the effect of statistics
of the particles generally is not reflected in the TDOS spectrum, owing to cancellation of the
statistical phase in 1D linear chain. In the last subsection ??, we analyze the length scale of
the TDOS enhancement and demonstrate that it is highly localized near the junction. Before
explaining the TDOS results, let us first revisit the ground state properties of both models
on the Y junction geometry.

Junction of TLL wires poses a complex quantum impurity problem owing to the richness
of the manifold of fixed point that it can host. In this paper, we have considered the simplest
possible Y junction comprising of three equi-length 1D TLL wires which are symmetrically
coupled to the central junction site. Using dynamical DMRG, we have calculated TDOS as a
function of distance from the junction and extracted the associated power law exponents. We
observe enhancement in TDOS in the attractive interaction limit (1 < ¢ < 3), and suppres-
sion of TDOS in the repulsive interaction limit (¢ < 1) in case of both the bosonic Y junction
and the fermionic Y junction, though they follow distinct power law exponents for the TDOS.
This difference can be attributed to the non-trivial many-body phase factors associated in the
hopping between the junction site and the constituent arms, and stems from the different
quantum exchange statistics of constituent particles. Earlier Oshikawa et al. [195] had conjec-
tured the existence of a “mysterious” stable M fixed point for such a system in the regime of

1 < g < 3, however its properties had remained unknown as this fixed point is not bosoniz-
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able. Later on, Rahmani et al. [191] evaluated the static ground state correlation function
for the M fixed point using time-independent DMRG. In this work we perform a numerical
analysis which is complimentary to Rahmani et al. where we use the dynamical DMRG to
evaluate the dynamical correlation functions. These dynamical correlation functions are then
used to evaluate the TDOS for the M fixed point.

As far as a quantitative comparison with exsiting bosonization prediction is concerned, one
could compare the power law that is numerically obtained in our work for the M fixed point
with the existing prediction of power laws for all possible bosonizable fixed points which
respect time reversal symmetry and wire symmetry (symmetric under permutations of the
three wires among themselves), as these two symmetries are valid symmetries for our numer-
ical analysis. We find that, if we try to extract the parameter 0 (the parameter parametrising
the space of fixed points respecting these symmetries) from Eq. (6) of Ref. [[158]], which
describes the power law exponents for these bosonizable fixed points, it gives unphysical so-
lution leading to the condition of cos® > 1, for the attractive regime of interaction 1 < g < 3.
This can be considered as an illustration of the fact that the M fixed point cannot be described
through bosonization analysis.

Finally, we investigated the spatial extent of TDOS enhancement through a finite size scal-
ing study and observed that the TDOS peak amplitude near the junction is weakly dependent
on the system size N. We also checked that the length scale of enhancement showed a 1/w
dependence on the frequency, which is consistent with an earlier study that reported en-
hancement of the Y junction TDOS for various bosonizable fixed point studies therein [158].
We noted that for w > 5 the TDOS enhancement spans over just a few sites away from
the junction, e.g., 3 £ 1 lattice units for N = 406 and J* = —1/2. Thus, we found that the

enhancement of the TDOS is highly localized near the junction site.
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1D FERMI GAS WITH ATTRACTIVE INTERACTIONS

4.1 INTRODUCTION

The presence of external magnetic and electric fields in superconducting materials give rise
to many exotic phases and their effects have been extensively studied [326, 327] since the dis-
covery of superconductivity in 1911 [3]. Over the years, discovery of new superconducting
materials and improvements in their synthesis mechanism have yielded steadily increasing
superconducting transition temperatures (T;) [328], and more refined applications of super-
conducting materials in daily life [66]. At high temperature, strong magnetic field & destroys
the superconducting properties in materials [204]. Whereas, at low temperatures and low to
moderate magnetic fields, these materials give rise to many exotic phenomena like Meiss-
ner effect [329] and Fulde-Ferrel [207] (FF) and Larkin-Ovchinnikov [208, 209] (LO) phases
etc. In Bardeen-Cooper-Schreiffer (BCS) superconductors [203], electrons of opposite spins
and momenta form Cooper pairs, but in presence of low h the Fermi energies of (up spin
and down spin) electrons shift and the electron pairing process gets affected. Fulde and
Ferrel [207], and Larkin and Ovchinnikov [208, 209] independently showed that in presence
of magnetic field, a robust superconducting order could co-exist with a magnetic order in
superconductors, and electron pairs with non-zero momentum can be formed in an inho-
mogeneous superfluid phase [216]. Since then, there have been much efforts to realize this
phase in various materials, especially in layered superconductors like LayBa,CuOy [210],
CeColns [211], and organic salts like BEDT — TTF [212]. However, this phase is fragile since
any impurity or other perturbations can disturb this phase in materials [213-215].

In recent years, cold atoms confined in optical lattices have emerged as an excellent al-
ternative playground to explore superconductivity in pristine conditions— to study differ-

ent pairing mechanisms in it, and effects of various external fields on the superconducting
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state [46]. The existence of Bose-Einstein-Condensation (BEC) was demonstrated in a gas of
cooled Sodium (Na) atoms by Ketterle and their group in 1995 [144]. Since then, existence of
superfluidity has been realized in various Fermi and Bose gases [205, 330—333]. The physics
of these gases trapped in optical lattices are well described by Hubbard like models with
effective on-site interactions U < 0 that are created by tuning Feshbach resonance in the
system [149]. Synthetic spin-orbit coupling (SOC) and Zeeman fields are created through Ra-
man coupling [217, 218]. One dimensional (1D) Fermi gas with attractive interactions shows
a BEC phase at very strongly attractive interactions, and a BCS phase with s-wave like pair-
ings for moderate U [48]. Introduction of Zeeman field / in this system takes the system
from a BCS phase at a low £, to a partially polarized phase at moderate /, and a fully po-
larized phase for high h [47, 206]. This partially polarized phase at moderate / is proposed
to host exotic Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) phase pairings [207-209]. This phase
is characterized by finite momentum of the centre of mass of bound pairs, which manifests
itself into twin peaks (at 1-k) in the pair density correlations in momentum space.

The FFLO phase is more stable in 1D systems due to absence of eddy currents and phase
separations which are more common in three-dimensional (3D) systems and make it difficult
for 3D systems to host the FFLO phase [216]. In addition, the 1D FFLO phase is expected to
host the non-trivial p-wave like pairings in the presence of transverse SOC field [334, 335].
This phase is also proposed to host topological edge modes whose hallmarks are reported
to be exponentially decaying energy gaps as a function of increasing system size [125, 336].
There are many studies of model Hamiltonians, ranging from simple Fermi Hubbard models
with additional interaction terms to systems with proximity induced superconducting terms,
for exploring the existence of the FFLO phase. Liischer et al. studied 1D attractive Hubbard
model in the presence of finite spin polarization and showed the existence of FFLO phase
and its fingerprint in spatial noise correlations [221]. Yang used a field theoretic approach to
study the non-uniform superconducting states in quasi-1D systems and plotted a schematic
phase diagram in the phase space of Luttinger liquid parameter K and magnetic field 1 [337].
Rizzi et al. also studied the attractive Hubbard model to study the stability of the FFLO
phase in optical lattices [222]. Feiguin et al. have studied this model with confining parabolic
potential in the optical lattice [47]. However, systematic theoretical studies of quantum phase
diagram of the 1D attractive Fermi gas model Hamiltonian subjected to Zeeman field and

SOC fields are scant.
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In this chapter, we study a simple model of 1D Fermi gas in the limit of attractive on-site
interaction (U < 0) to explore the FFLO phase and associated phase transitions at low filling
fraction v = 0.25. In Sec. 4.2, we introduce the model and the numerical technique and
discuss the main criteria used for identifying the FFLO phase in the system. We study this
system, both (i) in absence of SOC, and (ii) in presence of a transverse SOC. We first focus
on the case with no SOC in Sec. and discuss the different phases in the & — U parameter
space of the system. Next, we add transverse SOC field (in the x—direction) and explore its
effect on the FFLO phase in Sec. . We find that the FFLO phase spans a large area of the
phase diagram for all electronic densities, both in the absence and in the presence of SOC.
We present a complete phase diagram of this model in the phase space of U and &, and for
SOC strengths « = 0 and 0.05. We conclude with a brief discussion of the reported results
and their possible impact on the current understanding of exotic pairings in 1D ultracold

systems and implications thereof in Sec. 4.5.

4.2 THE MODEL

We study the 1D Fermi gas with attractive on-site interactions U, in presence of a Zeeman
field / and transverse SOC couplings «. The model Hamiltonian of this system can be written

as,
H = H, + Hy + Hz + Hsoc, (4.1)
where,
Hy=—tY (CZUCHLU 4 h.c.)
v

HU :UZni,an, HZ = —]’lZSf,
i i

Hsoc = +ia Z (CZTCH‘Li + C&CHM — hc) p
i

where, C! _ (C; ) are creation (annihilation) operators and 1; , is the number operator at site i
with spin ¢ =1 or |. t = 1 defines the energy scale for our calculations. We study the system

away from the half-filling limit and in the attractive interaction regime U € [—1, —4]. The
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quantity v = n/2N defines the filling fraction of a system of N sites containing containing
n electrons. In the absence of U and «, the spin up and spin down electronic bands split
in the presence of the external magnetic field /. An attractive U induces intra-band pairing
correlations, whereas a transverse SOC generates spin momentum locking along the x-axis
of the system, thus giving rise to a p-wave like pairing [72].

We have used the DMRG method for solving the Hamiltonian in Eq. (4.1). It is a state-of-
the-art numerical technique for accurately calculating the low-lying eigenvalues and eigen-
vectors of low-dimensional systems [235, 258]. It is based on the systematic truncation of
irrelevant degrees of freedom at every step of the infinite and finite DMRG algorithms. In
the fermionic system under study, the spin degrees of freedom are not conserved, hence
the Hamiltonian dimension is significantly large. The eigenvectors of the density matrix of
the system block corresponding to m ~ 700 largest eigenvalues have been retained to main-
tain a reliable accuracy. More than 10 finite DMRG sweeps have been performed for each
calculation to minimise the error in energies to less than 1%.

To characterize various phases in the system we study the pair density correlations or
singlet pair correlation function P(i,j) and its Fourier transform (ET.). The singlet pair cor-

relation is defined as,

P(i,j) = (C}.C{,CitCj))- (4.2)
Its ET. of P(i, ) is given by,

P(k) = ;eik'rﬁP(i, i), (4.3)

where (r;; = i — j), and i,] represent site indices in the system. The single peak in P(k)
at k = 0 indicate that the electron pairs are formed at zero momentum, i.e., Cooper pair
formation at k = 0, which is a signature of the BCS phase. Twin peaks at finite momenta in
P(k) momentum distribution curve is a hallmark of an underlying FFLO-like pairing where
electron pairs are formed with a finite momentum. In a mixed BCS-FFLO phase, where
both the conventional BCS phase and the FFLO phase co-exist, P(k) shows three peaks —
one at zero momentum k = 0, and twin peaks at a finite momentum kj. At sufficiently
high magnetic field P(i,j) is short range in nature, and P(k) shows two peaks at £k; and
a constant value of P(k) between these two momenta, i.e., all the momenta between +k;,

contribute equally. We call this phase as MMP phase. In a fully polarised phase, P(k) is zero.
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We also study two energy gaps — the pair binding energy (Ep) or the parity gap, and the

excitation energy gap A, defined as,

Ey(n,N) = % [Eo(n+1,N) + Eg(n —1,N) —2Ey(n,N)] (4-4a)

A(n,N) = Ei(n,N) — Eo(n,N), (4.4b)

where, Eg(n, N) and E;(n, N) represent the ground state energy and the first excited state
energy, respectively, with n electrons in the system of N sites. The finite binding energy E; is
the signature of the BCS phase, whereas the exponential decay of A(n, N) may indicate the
existence of a topological phase.

In the next sections we present the numerical studies investigating the existence of a ro-
bust FFLO phase in a 1D ultracold atoms with intrinsic attractive on-site interactions and
Zeeman field, first in the absence of SOC and then in presence of a transverse SOC field
in x—direction. Most of the results presented in this paper is for the quarter filling fraction
v = 0.25, however, we found that the FFLO phase exists for a wide range of densities. We
also present a quantum phase diagram of the model in & — U parameter space for v = 0.25
and study the effect of finite SOC interactions & > 0 on the FFLO phase. We study the
charge density n,(i), spin density S*(i) oscillations, the Fourier transform (E.T.) of the pair
density correlations P(k), and energy gaps in the system for characterizing different phases
in the system. In this chapter, we show that a robust FFLO phase exists for a wide range of
electron fillings U, h and &, and this phase is distinct from other phases like the BCS and
a multi-mode pairing (MMP) phase, which appears just before the system transitions into a

fully polarized (FP) phase at high h.

4.3 IN ABSENCE OF SPIN-ORBIT COUPLING

In absence of any magnetic field, the system remains in the trivial BCS phase which is
characterized by Cooper pairs with zero net momentum. In presence of finite magnetic field
h, the system can transition into the FFLO phase, where the electron pairs are formed with
net non-zero momentum in presence of finite magnetic field /. This phase is expected to
retain quasi-long range correlations, especially in 1D. The system transitions into a fully
polarized phase at high h. We ascertain the existence of these different phases from the pair

density correlation distribution in momentum space.
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Figure 4.1: (a) ET. of singlet pair density colrre- Figure 4.2: The maxima of ET. of singlet pair
lations, P(k) vs. k for h = 0.20, 1.20, density correlations, [P(k)],,. as a
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v =025 a =0,and N = 60.(b) ET. and & = 0. Inset: [P(k)],.. as a func-
of singlet pair density colrrelations, tion of inverse system size 1/N for
P(k) vs. k for different U, at h = 1.20, different h, at U = —2, v = 0.25, and
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4.3.1  Pair Momentum Distribution

To characterize the different phases in the system we plot in Fig. 5.1, the FT. of singlet pair
density correlation, P(k) vs. k, for different i and U, at v = 0.25 and in absence of SOC field
or &« = 0. It shows a single peaked structure at k = 0 at low #, as expected from a trivial
BCS phase. Increasing &, two-peaked P(k) with maxima at £kj, are observed, indicating the
presence of an FFLO phase. In the fully polarized (FP) phase at high i, P(k) is vanishingly
small and no peak is observed in P (k). Between the FFLO and FP phase, there exists a narrow
regime of the MMP phase. In this phase, P(k) shows a plateau like structure between the
twin peaks, i.e., the P(k) is uniformly distributed between the +k;, which indicates that
the momentum of centre of mass of the condensate is distributed between +kj; around the
Fermi-momentum. The P(i, ) is fast and algebraically decaying function. The peak height of
P(k) is significantly smaller in this phase, as compared to the FFLO phase.

In Fig. 5.1 (a), variation of P(k) for four values of h are shown for U = —2. In Fig. 5.1 (b)
the magnetic field & = 1.20 is kept fixed and P(k) is plotted for four values of U. Larger
value of |U| increases binding energy, therefore, BCS phase is favoured at higher magnitude
of U, and FFLO-like pairing is observed at weakly attractive U at comparatively lower h. For
larger |U| larger magnetic field is required to break the bound electron pairs, hence we notice
that U = —0.5 is already in the FP state for the given h. Whereas, for U = —4 the BCS phase
remains intact upto a large h. We also plot the peak height of [Py,x] (k) as a function of 1 for

64



U = —2in Fig. 5.2, and find that the four phases in this system can be easily identified by the
respective plateaus in [Pyqy] (k) corresponding to each phase. We also notice that transition
from one to the other phase occurs through discontinuous jumps. We plotted [Py« (k)] as a
function of 1/N in the inset of Fig. 5.2, and notice that the effect of the finite size is weak in

the FFLO and MMP phases, but [Pyax| (k) increases with the system size in the BCS phase.

4.3.2 Charge and Spin Densities

For further understanding of different phases, the behavior of local charge and spin densities
are analyzed for three values of magnetic field i corresponding to the three phases at U =
—2. We ignore the fully polarised regime where all spins are polarized along the direction
of magnetic field / and the charge is uniformly distributed. Fig. 5.3 shows the spatial profile
of the spin densities 1, (i) and local magnetization, S*(i) = n4(i) — n (i), for different h. At
low h = 0.20 (Fig. 5.3(a) ), the up and down spin densities overlap and the system is in a
trivial BCS phase, which is a non-magnetic state. Above a threshold magnetic field /., some
of the singlet pairs are broken, leading to a partial magnetic polarization S*(i) # 0 in the
system as shown in Figs. 5.2 (b) and (c). The charge density wave (CDW) oscillations have
a maximum amplitude for low & (Fig. 5.3 (a)) and its amplitude decreases with increasing h
(Figs. 5.3 (b) and (c)). For h = 3.00 (Figs. 5.3 (c)) system is in the MMP phase and the density
modulations vanish at the mid of the chain. Above another threshold value of magnetic field
hc,, the system transitions from the MMP phase to the FP phase.

Further analysing the oscillations in the local charge density, we find that at low &, where
the system is in a BCS phase, oscillation in 7, (i) are described by a sinusoidal function with
its amplitude decaying from the edges towards the centre. The functional form of n(i), in
this regime is given by: Asin(ax + Ao)x~"7 + C. The charge density profile does not change
appreciably with increasing / in the BCS phase. For h > h.,, another sinusoidal length scale
sets in for the partially polarized phases — FFLO and MMP phases, and n(i) can be fitted
with the charge density profile: Asin(ax + Ag)sin(Bx + Bo)x~ "7 + C. The power law exponent
remains 77 ~ 1 for all h < h,. Whereas the wavelength of one of the sinusoidal function

27

27
Ay = decreases with increasing /, the wavelength of the other sinusoidal A1 = s does

p
not vary with / in the FFLO phase. In the MMP phase the wavelength A, = 2’[2[ becomes
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Figure 4.3: Spatial profile of local up charge density 74 (i), local down charge density 7 (i), and local
spin density S*(i) at (a) h = 0.20, (b) h = 1.20, and (c) h = 3.00, , for U = —2, v = 0.25,
« =0and N = 120.

2
very large, whereas the other wavelength A = % decreases significantly to approximately

~ 2 — 4 lattice units.

4.3.3 Phase Diagram

In Fig. 4.4, we present the quantum phase diagram of the model Hamiltonian described by
Eq. (4.1), in absence of SOC (« = 0) and for v = 0.25, based on information extracted from
P(k), their maxima, charge and spin density profiles. All the phase boundaries are based on
the N = 96 sites and we note that the finite size scaling of the boundary is very weak. In
absence of any 1, BCS phase is observed for all values of |U|. Upon increasing h, the system
first goes from a BCS phase to the partially polarized FFLO phase, then from the FFLO phase
to the MMP phase, and finally to the FP phase at high h. The FFLO phase is a dominant
phase in the quantum phase diagram and the width of this phase increases with |U|. The
magnetic field required for the transition from the BCS to the FFLO phase, h,, is smooth
and linear with U. Similarly, the h required for the FFLO to the MMP phase transition also
varies linearly with the |U|, especially in small U < 2.5 limit. We also explored the quantum

phase diagram at lower fillings v (the lowest filling studied was v = 0.10), and found that the
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Figure 4.4: Phase diagram of the model described by Eq. (4.1), in the phase space of magnetic field h
and on-site attractive interactions, |U|, at « = 0 and v = 0.25.

67



phase boundaries shift towards lower £, i.e., slope of the h. curves increases with decreasing
electron filling v < 0.25. This is because, at lower densities, lower # is sufficient to break the

bound pairs in the system.

4.4 IN PRESENCE OF SPIN-ORBIT COPULING

In this section we explore the effect of the small SOC coupling « = 0.05, which is expected to
produce a p-wave pairing in superconducting phase for attractive U interactions. This exotic
p-wave like phase is proposed to host topological edge modes [335, 338], which is important
for applications in quantum computation. In the superconducting BCS state, the binding
energy of the system should be finite, whereas the in the FFLO, the MMP and the FP phase

unpaired electron should have zero binding energy.

4.4.1  Energy gaps

We plot the binding energy as a function of system size for different a in Fig. 4.5, for & =
0,0.05,0.10, and 0.40 at v = 0.25 for i = 1. We find that E;, vanishes algebraically with N for
low «, which corresponds to the FFLO phase. For higher &, system goes to the BCS phase and
Ey, has finite value in the thermodynamic limit. The inset of Fig. 4.5 shows the variation of the
lowest excitation energy gap A with & . Variation of A — h fluctuates at the phase boundaries
for a given system as shown in the inset of Fig. 4.5. The fluctuations at the boundary can be
utilised to determine the phase boundaries and we notice that the boundaries determined
by this method agree well with those indicated by the pair correlation structure factor P (k)
in Fig. 5.6.

4.4.2  Pair Momentum Distribution

P(k) vs. k is now plotted in Fig. 5.6, for four values of U for « = 0.05 and v = 0.25. The
FFLO pairings are observed for weakly attractive U, as indicated by the twin peaks in P(k)
for U = —1 and 2, whereas, a single peaked P (k) is observed for stronger U = —4, indicative
of a BCS phase. At U = —3, a three-peaked structure is observed, which is signature of an

exotic mixture of BCS and FFLO phases. It should be noted that this exotic mixture state is
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Figure 4.5: Binding energy as function of N for different «, at U = —1, v = 0.25 and k = 1.00. Inset:
First excitation energy gap A as a function of / for « = 0.05, at U = —2, and v = 0.25

not observed for any value / and U in absence of a. The [P(k)]uax] is plotted as function of
h as shown in the inset of Fig. 5.6. Contrasting with the inset of Fig. 5.2, we find that the
transition from BCS to FFLO phase now shows a smooth transition through a mixed BCS-
FFLO phase, which was earlier discontinuous in absence of SOC. The transition from FFLO
to the MMP phase and from MMP to FP phase remains discontinuous with increasing h, as
before. We also checked the dependence of electronic filling for v € [0.10,0.25] and found

that the FP phase is reached for lower / at lower filling but the qualitative behaviour and

sequence of phases remains same.

4.4.3  Effect of spin-orit coupling field

To understand the effect of SOC field or a on the system, we study the P(k) vs. k character-
istics for different strengths of a in Fig. 4.7. We find that the FFLO phase is retained at low
« (Figs. 4.7 (a) and (b) ), and the BCS phase sets in for higher a (Fig. 4.7(d) and (e) ), for
a fixed h. For intermediate a (Fig. 4.7(c) ), a mixed FFLO-BCS phase is observed. It can be

surmised from here that while strong U promotes the BCS like phase through s-wave like
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function of h, at U = —2, v = 0.25, and a« = 0.05.

on-site pairings, strong a promotes the BCS phase through p-wave like, nearest neighbor

pairings.

4.4.4 Phase diagram

A phase diagram of this system for a fixed a = 0.05 is shown in Fig. 4.8. It shows that in
absence of any &, BCS phase is observed for all attractive U. Upon increasing &, the system
goes from first an unpolarized BCS phase to a partlially polarized FFLO phase continuously,
through a mixed BCS-FFLO phase — which was earlier not observed in absence of an SOC
field (Fig. 4.4). Thereafter, the FFLO phase transitions to the MMP phase, and then to the FP
phase at high . We checked that a similar phase diagram is observed for lower fiillings v as
well, except that the phase boundaries are shifted towards lower h. For higher «, the phase

boundaris are shifted towards higher h.

70



U=-1, v=0.25, h=1.00

—
1

—

e}

.
1

—

ok

03 03 03 03 03

(a) a=0.00 ) 0=005| | (©0a=010| |(@0=020| |(e) =100
(0]

n L L B c;? | %

8! i

k% o W $4 8

02 4o [02F o4 [02F L [02F $% |02 e

| i bt s o (l,',glp

= | ; ¢ ¢ i 75 ! o o e

p o Co9 e C e b CoL R

& o I P I

b b P ® 0 [

O1F ¢ ¢ foafF ¢ ¢ |oaf & o |oafF . oL |oaf ¢ ¢

6 b 6 b o P9 o o

L L P o4 .

o o 6 o o P Dot

I B R IO IR
¢ 58 R Poe IR
Ozmﬁ % OJ .- Ommi) w 0%’ % OJ -
L I
1

L L L L . |
-10 1 -1 0 1 -1 0
k k k k k
Figure 4.7: ET. of singlet pair density colrrelations, P(k) vs. k for different «, at h = 1.00, v = 0.25,

u=-1.
4.5 CONCLUSION

In this work we study the 1D Fermi gas model Hamiltonian described by Eq. (4.1) with
intrinsic attractive on-site interactions, SOC, and a Zeeman field, and explore the existence
and signatures of the exotic FFLO phase in this system. We present the quantum phase
diagram of this model in the U — h parameter space both in absence and in presence of
SOC « at v = 0.25. Most of the earlier works have explored the FFLO phase in 1D system
at v = 0.5 [339] and v = 0.25 [340] and restricted their studies to just characterising the
FFLO phase [216]. To best of our knowledge this work may be the first work in exploring the
quantum phase diagram in &1 — U and &« parameter space. The FFLO phase is characterized by
quasi-long range order in the system and correlated singlet pairs with finite momenta [337],
which is reflected through twin-peaks in the ET. of singlet pair density correlations in the
system. We find that both in absence and in presence of SOC field, the FFLO phase occupies
a large area of the quantum phase diagram.

On-site interactions U < 0 and SOC interactions a promote BCS pairings, whereas the
Zeeman field h promotes the FFLO order in the system. In the /i — |U| phase space we find
four different phases: (i) the BCS phase, (ii) the FFLO phase, (iii) the MMP phase, and (iv)
the FP phase. In the trivial BCS phase all the electrons form singlet (Cooper) pairs and have
charge density oscillations at low &, low « and weak U. In the exotic FFLO and MMP phases,
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Figure 4.8: Phase diagram of the model described by Eq. (4.1), in the phase space of magnetic field h
and on-site attractive interactions, |U|, at « = 0.05 and v = 0.25.

commensurate charge and spin oscillations at moderate /1, moderate U, and moderate « are
observed. To best of our knowledge the MMP phase has not been reported earlier and this
exhibits short range P(i,j). The P(k)in this phase shows a plateau like behaviour between
two maxima, i.e, the centre of mass of the electron pairs can take any value between the
+ky. It is very different from the FFLO phase where the centre of mass of the electron pairs
lies at +kj, i.e.,, the momenta where the peaks are sharply defined. In presence of SOC, a
mixed state exhibiting both BCS and FFLO pairings is also observed. The phase diagram of
the system remains similar for lower electronic fillings v € [0.10,0.25], except that the phase
boundaries shift to lower h.

In summary this work presents a comprehensive study the quantum phase diagram of
a 1D Fermi gas system with instrinsic attractive on-site interactions, a Zeeman field, and
transverse SOC, and discusses in details various methods of characterizing this phase in any

1D Fermi system. We show that the FFLO phase dominates the phase diagram and it is

72



robust even in presence of the SOC. This could have potential applications in understanding
the unconventional superconductivity phases in low dimension electron gas. This model can

be easily implemented in the trapped atoms and cold atom optical lattices.
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TOPOLOGICAL SIGNATURES IN 1D SPIN-ORBIT COUPLED FERMI
GAS WITH ATTRACTIVE INTERACTIONS

5.1 INTRODUCTION

Topological quantum computation (TQC) promises the realization of robust fault-tolerant
quantum information processing [27, 72], and tremendous experimental efforts are being
made to find and fabricate systems supporting TQC [341-352]. Among the most promis-
ing candidates for realizing TQC in condensed-matter systems are solid-state semiconductor
thin films and nanowires, which are theoretically predicted to support a topological super-
conducting (TS) phase in the presence of a proximity induced superconducting pair potential
Aina, Rashba spin-orbit coupling (SOC) &, and an externally applied Zeeman field £, in the
parameter space spanned by the weak coupling mean field equation h? > (A? , + u?) [353-
359]. The TS phase is defined by the emergence of mid-gap non-Abelian topological quasi-
particles known as Majorana zero modes (MZMs) localized at the topological defects [27,
72, 360—362]. Alongside the solid state systems, it has also been proposed that the system
of ultracold fermions confined in optical lattice [363, 364] in the presence of SOC, Zeeman
field, and a mean-field s-wave superfluid pair potential supports a TS phase with MZMs
as edge modes [365—370]. Although effective SOC and Zeeman field can be experimentally
generated in a one-dimensional (1D) system of ultracold atoms [371-375], the study of 1D
fermions with intrinsic attractive interactions induced by Feshbach resonance [376] in the
framework of mean-field theory is problematic. This is because the reduced dimensionality
results in strong pair phase fluctuations, and true superfluid long-range order in one di-
mension is destroyed. It was shown by Sau et al. [377] and Fidkowski et al. [378] that in the
presence of phase fluctuations, the ground state would differ from the conventional phase by

the presence of an exponential ground state degeneracy in the absence of phase slips. Phase
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slips however, reduce ground state degeneracy from exponential to power law. Later on it
was clarified that such phase slips are likely to be rare in systems of ultracold atoms [379].
Regardless of the degeneracy, it was argued [380] that number conserving systems are char-
acterized by long-range order in a transverse-field Ising degree of freedom that is related to
the original fermions by a Jordan-Wigner transformation [381]. However, the non-local order
parameter in the relevant transverse-field Ising model relies on a decomposition of the sys-
tem into fermions and bosons and as such is not obviously related to a non-local observable
in the original fermion model. TQC, however, relies most importantly on the exponential
ground state degeneracy, which can be used to build non-local qubits and quantum gates
immune to local perturbations. In this paper we will focus exclusively on the existence of
exponential ground state degeneracy in a 1D Fermi gas with SOC, Zeeman field, and intrin-
sic attractive interactions in the presence of a smooth parabolic potential, as considered in
Ref. [[125]]. The case for topological superfluidity in such systems is made through the de-
generacy of the entanglement spectrum and Majorana correlation function, provided there
is a fermionic gap [382-385]. The present system [Egs. (5.1) and (5.2)], on the other hand, is
gapless to fermionic excitations because of the phase slips [377, 378]. For this reason, and be-
cause we are exclusively focused on the existence of the exponential ground state degeneracy,
which is the only property needed for TQC, we have not attempted to explore topological
properties through the degeneracy of the entanglement spectrum or other indicators.

It was recently proposed [125] that the exponential ground state degeneracy of a 1D
Fermi gas with SOC, Zeeman field, and intrinsic attractive interactions could be established
through the use of a smooth parabolic potential — which spontaneously occurs in ultra-
cold atom systems confined by a harmonic trap potential. The parabolic potential V(r) in-
troduces smooth interfaces between regions defined by I > peg and h < pegr, where g,
defined by peff = u — V(r), represents the effective chemical potential. If the superconduct-
ing order could be treated in mean-field theory, as in the case of the spin-orbit coupled
semiconductor-superconductor heterostructure with proximity-induced superconductivity
and an externally applied Zeeman field [353-359], these regions, in the limit of a small
mean-field superconducting pair potential A;,; — 0, would be the topological supercon-
ducting and ordinary superconducting phases, respectively, and for h > pg the system
would have a two-fold exponential degeneracy of the ground state [353-359]. In the present
system, however, we have intrinsic attractive interaction, and superconductivity cannot be

treated in mean-field theory. Despite that, the ground state has been proposed [125] to be
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Figure 5.1: (Color online) Schematic showing the spatial profile of ps in the system. r and ef repre-
sent the site index and system’s Fermi energy, respectively. For the “topological” region
(shaded green) h? > p?, the rest represent “trivial” regions (shaded maroon). Insets: Dis-
persion relations in each region.

doubly degenerate (up to an exponentially small splitting for finite-sized system) because
of an exponential ground state degeneracy associated with the fermion parity of the sys-
tem. Hence, an exponential decay of the excitation gap A and pair binding energy E;, with
increasing system size N indicating the absence of a fermion parity gap could confirm the
existence of exponential ground state degeneracy in the 1D Fermi gas with attractive interac-
tions. In this chaper, we numerically study the 1D Fermi gas system proposed in Ref. [[125]]
to search for exponential ground state degeneracy in the fermion parity gap and the exci-
tation gap. The question of exponential splitting of the ground state degeneracy is at the
heart of topological protection of qubits in topological quantum computation [27, 72]. As is
clear from the Luttinger liquid (LL) analysis of a spin-orbit coupled Fermi gas with attractive
interactions, Bosonization of a clean system leads to an exponential degeneracy in pairs of
SOC gases [386—388]. Within this formalism, power law splitting can be generated by back
scattering induced phase slip terms shared between pairs of wires [377]. Microscopically,
the back scattering originates (at weak interactions) from scattering between different Fermi
surfaces [33] and therefore requires breaking of momentum conservation by some impurity.

In this work, we show through numerical calculations that in the clean 1D Fermi gas with
attractive Hubbard interaction, the pair binding energy and the excitation gap vary expo-

nentially with the system size, indicating the vanishing of the fermion parity gap and a
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two-fold ground state degeneracy. However, by numerically studying the expectation values
of relevant local operators and the effect of impurity potentials on the ground state degen-
eracy, we conclude that the ground state degeneracy of the number-conserving 1D Fermi
gas ceases to be exponential in the presence of local perturbations. Thus, the main result
of this work is the numerical demonstration that the fermion parity gap and the ground
state degeneracy of the number-conserving 1D Fermi gas are no longer exponential in the
presence of local perturbations and are thus not suitable for TQC. The proposal of creating
MZM:s in a 1D spin-orbit coupled interacting Fermi gas appeared in Ref. [[125]] based on the-
oretical calculations, and a rigorous numerical verification needs to be made for such novel
propositions before experiments are designed on the basis of the same. We have employed
the density matrix renormalization group (DMRG), a state-of-the-art numerical technique
for low-dimensional systems capable of calculating accurate results away from half-filling of
electrons and for systems containing complex interactions such as SOC, to probe the impor-
tant theoretical predictions in Ref. [[125]]. These numerical results are thus important both
in the context of designing experiments for realizing TQC, and for addressing fundamental
questions regarding the existence of exponential ground state degeneracy in 1D Fermi gas
systems with intrinsic attractive interactions.

This chapter is organized in four sections. In Sec. ??, we introduce the model and the nu-
merical technique and also discuss the main criteria used for identifying exponential ground
state degeneracy in the system. In Sec. ??, we first analyze the energy gaps in the clean system
to find evidence of exponential ground state degeneracy;, if any. Then, we examine the system
for indistinguishability in local operator measurements for the two exponentially degenerate
states and study the robustness of the energy degeneracy in the presence of local impurities.
Finally, we compare these results with that of the transverse field Ising model to argue
whether the exponential ground state degeneracy apparent in the clean system truly reflects

an underlying topological phase, as claimed in Ref. [Erezparabolic].Weconcludewithabrie fdiscussionof there

5.2 THE MODEL

We consider a 1D spin-orbit coupled Fermi gas with an attractive s-wave interaction with
strength ¢ driven by a Feshbach resonance. The SOC together with Zeeman coupling was ex-
perimentally realized [371] in gases of ultra-cold atoms through the application of a pair

of Raman lasers with recoil wave vector k,. The lasers couple to two hyperfine atomic
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states represented by the pseudospins ¢ = |,| (e.g., | = |[f=9/2,mp=—-7/2 and | =
|f =9/2,mp = —9/2), as has been observed in experiments on K* gases [389], through
a third state. The Raman coupling together with the incident Feshbach resonance [389] leads

to an effective Hamiltonian [371] for the Fermi gas of atoms that is written as

H= [ ax [Zﬁ PH0) [ + 002015 + 00l s (v)
—g¢" (P (P ()p(x)], (5.1)

where { = k;/m is the strength of the SOC and () is the strength of the Raman coupling.
Here f(x) is the creation operator for atoms of mass m with pseudospin ¢ at position x,
and we have chosen units so that 1 = 1. (705‘2 represent the standard Pauli matrices with
a = x,Y,z,and a, B are the spin indices.

For the purposes of numerical calculation, it is necessary to discretize this Hamiltonian
with a lattice parameter a that is much smaller than the inverse density v, where v =
n/2N represents the filling fraction of the system of size N, containing n electrons. Within
this approximation, the above continuum Hamiltonian can be written as the sum of three
contributions, i.e., an on-site interaction Hy, uniform Zeeman field Hz and Rashba spin-orbit

interaction Hspc. In addition, a parabolic potential with tunable parameter k' controls the

electron density profile Hpara. The model Hamiltonian for the system can be written as
H = H; + Hy + Hsoc + Hz + Hpara, (5-2)
where
Hi=— tz (CZUCH—LU + h.c.) , Hy = LIZnilan,
i,o i
Hsoc =+ in Z (CZTCHM +Cf\Cipap — h.c.) ,
i

1
Hz = hZSZZ/ Hpara = Z <2k/rz) (ni,T + ni,l)‘
: -

1

To match the continuum Hamiltonian in Eq. (5.1), in Eq. (5.2) we set the nearest-neighbor
hopping to be t = 51, the SOC strength to be & = {/2a, the Zeeman coupling as h = (),

2ma?’

and the on-site Hubbard potential as U = —g/a. To simplify the presentation of results, we
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choose energy units for our calculation so that the hopping amplitude ¢ is set to unity. The
parabolic potential tuning parameters are k' = k/N? and r = (N +1)/2 — i, where i and N
are site indices and system size, respectively. We study a low filling fraction of the electrons
(v = 0.10 and 0.20), and focus on the attractive interaction regime U € [—1.00, —4.00]. A given
linear density p of fermions in the continuum corresponds to a filling fraction v = pa, which
becomes vanishingly small in the true continuum limit 2 — 0 relevant to experiments on
Fermi gas [371]. We expect the low filling fractions v = 0.10 to be small enough to match the
continuum limit. It should be noted that in order to obtain a large enough superconducting

gap we chose |U/t| > 1 in our calculations, which corresponds to a 1D scattering length

2 _ 4t
mg (U]

Ase = < 4a. Therefore, while |U/t| & a — 0 in the continuum limit, the value U/t =
—1 corresponds to a scattering length of ~ 4a that significantly exceeds the discretization
spacing a so that we can still expect continuum behavior in this limit. Ideally, verification of
convergence in the continuum limit requires us to choose different values of a while keeping
the physical variables p, g, m, {, and Q) in Eq. (5.1) fixed. Unfortunately, this calculation would
require going to much larger values of system size N, which is beyond the scope of this work.
Thus, while the goal is to study the continuum Hamiltonian, it is difficult to get to the true
continuum limit (2 — 0) because of the complicated Hamiltonian, and |U/t| > 1 is chosen
because for smaller |U| it would be difficult to observe anything of substance for large system
size N.

We have used the DMRG [390-393] method, a state-of-the-art numerical technique for
calculating the eigenvalues and eigenvectors of low-dimensional systems, for solving the
Hamiltonian in Eq. (5.2). In the fermionic system under study, the spin degrees of freedom
are not conserved, and hence, the Hamiltonian dimension is significantly large. The eigenvec-
tors of the density matrix corresponding to m =~ 700 largest eigenvalues have been retained
to maintain a reliable accuracy. More than ten finite DMRG sweeps have been performed for
each calculation so that the error in calculated energies is less than 1%.

We study two spectral characteristics of the system: the vanishing pair binding energy (Ej)

or the parity gap and an exponential decay of the excitation energy gap A, defined as,

Ey(n, N) = % (Eo(n +1,N) + Eo(n — 1, N) — 2Eo(n, N)], (5.32)

A(n,N) = E1(n,N) — Eo(n,N). (5.3b)
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Eo(n,N) and E;(n,N) are the ground state energy and the first excited state energy with
n electrons in a system of size N. In the absence of U and &, the spin up and spin down
electronic bands split in the presence of /. But to create intra-band pairing correlations, an
attractive U is needed. Now the SOC interactions applied along the x direction generate a
momentum-dependent magnetic field along the x axis.

In the next sections we present the numerical studies investigating the existence of a robust
exponential degeneracy of the ground state in 1D ultracold atoms in the presence of intrinsic
interactions, SOC, Zeeman field, and only a parabolic potential. We first study the scaling of
the binding energy E;, and the lowest excitation gap A with system size N, the exponential
decay of which is considered a hallmark of edge modes and a resulting utility in TQC. Next,
we examine the local indistinguishability criteria for this system corresponding to a local
charge density operator and also check the robustness of energy gap degeneracy against
local impurities in wire. Finally, we compare the observed results with that of the transverse
tield Ising model and discuss whether our system is truly topological notwithstanding the

exponentially decaying energy gaps in the clean system.

5.3 ENERGY GAPS

The non-topological conventional phase is expected to be adiabatically connected to the
conventional s-wave superconductor with Cooper pairs as the only low-energy degrees of
freedom. The phase with exponential ground state degeneracy, on the other hand, is expected
to harbor low-energy fermionic edge modes, so that the fermion parity of the system is no
longer gapped. We start by numerically searching for exponential ground state degeneracy
in the system by studying the size dependence of the parity gap E;,. We have shown the
variation of E, with N for different attractive Hubbard potentials U, at electron fillings v =
0.10 in Fig. 5.2(a) and at v = 0.20 in Fig. 5.2(b). We find that the parity gap E;, for the
stronger U = —4.00 and U = —1.80, saturate to a finite intercept as N increases in both
Figs. 5.2(a) and 5.2(b). This is consistent with conventional Cooper pairing expected for the
non-topological phase. In contrast, the parity gap E, is seen to vanish in the thermodynamic
limit for a weakly attractive potential, U = —1.00 for both v = 0.10 and v = 0.20, suggesting a
phase that is qualitatively distinct from the conventional phase at U = —4.00 and U = —1.80,
in these limits. Here parabolic potential with k = 3 has been kept fixed, and moderate

Zeeman field (h = 0.40) and SOC strength (x = 0.20) have been used.
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Figure 5.2: (Color online) Variation of the pair binding energy Ej, with 1/ N for different U at « = 0.20,
h =040, k = 3, for (a) v = 0.10, and (b) v = 0.20. The dashed curves represent power law
fitting with parameters (C, B). In (a), (C, B) are extracted as (0.064,1.23) and (0.57,0.58)
for U = —1.80 and U = —4.00, respectively. In (b), (C, B) are extracted as (0.059,1.88) and
(0.61,1.20) for U = —1.80 and U = —4.00, respectively. The solid black curve represents
a vanishing exponential with fitting parameters (A, «, ) extracted corresponding to U =
—1.00 in (a) as (8.76,1.39,0.014) and in (b) as (2.90,1.00,0.0025).

Next, in Fig. 5.3 we show the variation of the excitation gap A with N for different at-
tractive potentials, U = —1.00, —1.80, and —4.00 at filling v = 0.10 and 0.20. All the other
parameters have been kept the same as in Fig. 5.2. First, we note that in Fig. 5.3(a), the power
law decrease of the excitation energy with system size N in the conventional non-topological
phase for U = —4.00, —1.80 is consistent with the excitations arising from phonon modes. By
contrast, the energy gap A for U = —1.00 fits better with an exponential dependence on the
system size than a pure power law, as indicated by the variance of the fitted curve with the
data. The variance corresponding to the exponential fitting is at least ten times smaller than
that for the pure power law fitting. This, apart from possible finite-size errors, is qualitatively
consistent with the behavior of the pair binding energy E;, shown in Fig. 5.2, demonstrating
the possible existence of an exponential ground state degeneracy for a weakly attractive po-
tential, U = —1.00. These results are also consistent with the theoretical predictions of the
existence of exponential degeneracy, expected of a TS phase in a spin-orbit-coupled Fermi
gas in the presence of a parabolic trap potential [388]. Similar behavior of A is found at

higher filling fraction v = 0.20 as well, as A shows exponential decay as a function of N
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Figure 5.3: (Color online) Variation of A with N for different U at « = 0.20, h = 0.40, k = 3, for (a)
v =0.10, and (b) v = 0.20. The dashed curves represent power law fitting with parameters
(G,7).In (a), (G, ) are extracted as (1.45,0.72) and (1.78,0.85), for U = —1.80 and U =
—4.00, respectively. In (b), (G, ) are extracted as (0.19,0.22) and (0.18,0.27), for U =

—1.80 and U = —4.00, respectively. The solid curve represents an exponential fitting with
parameters (A, a,{) extracted for U = —1.00 in (a) as (3.07,0.94,0.001), and in (b) as
(0.31,0.28,0.001).

for U = —1.00, and shows a pure power law decrease with N for U = —1.80 and —4.00 in
Fig. 5.3(b).

5.4 EFFECT OF ZEEMAN FIELD, SOC FIELD AND PARABOLIC POTENTIAL

Increasing Zeeman field /1 polarizes the system and decreases the energy gaps within the
system, finally taking the system to a fully polarized field where the energy gaps vanish
altogether. Increasing SOC field « promotes the BCS phase and higher / is required for the
energy gaps to go from the trivial algebraic decay in the BCS phase to the exponential decay
in the partially polarized FFLO phase regime. The parabolic potential, whose eccentricity
or depth ratio is tuned by the parameter k, tends to concentrate eletrons in the middle of
the system owing to its shape. At low k, the electron density is almost uniform and no
exponential decay in energy gaps are seen. At very high k, most of the electrons are confined

at the middle of the system and the gap becomes BCS like. We have chosen an optimum
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Figure 5.4: (Color online) Semi-log plot showing variation of A with N for different Vi, at U = —1.00,
v =10.10, « = 0.20, h = 0.40 and k = 3. The dashed curves represent power law fitting with
the parameter G = 3.17 and 2.58, for Vi, = 0.02 and 0.10, respectively. The exponential
fitting parameters, (A, «, &) for U = —1.00 are (3.07,0.94,0.001).

value of k where we can see exponetial decay of energy gaps ofr experimentally relizable

values of SOC strength &, Zeeman field h and on-site interactions U.

5.5 ROBUSTNESS AGAINST LOCAL IMPURITIES

The local indistinguishability of different ground states is intimately connected to the robust-
ness of the exponential degeneracy of the ground states to local perturbations. To present
this point more concretely, we consider impurity potentials at two sites in the bulk of the

system, written as

Him = Vim (Mny2 + 1N/241) (5-4)

We take the values for Vi, in the range of A(N). In the absence of any impurity, A vanishes
exponentially with N, at U = —1.00. On application of Vi, = 0.02 and 0.10, A now vanishes
as a power law with N, as shown in Fig. 5.4. This is clearly distinct from the behavior

expected from a gapped topological phase.
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Figure 5.5: (Color online) Log-log plot showing variation of An, with N; Any represents the differ-
ence in local charge density between the lowest excited state |1) and the ground state
|0), at a local position (x) for U = —1.00, v = 0.10, « = 0.20, h = 0.40, and k = 3. The
power law fitting parameters (G, ), for x = 0.2N and 0.5N are (0.33,0.73) and (0.94,0.91),
respectively.

56 LOCAL INDISTINGUISHABILITY

To be useful for topological qubits in TQC the lowest-lying states in gapped phases should
be gapped by an exponentially small splitting which is robust to local perturbations. This is
related to another indicator of such phases, namely, the absence of an order parameter, or
equivalently, local indistinguishability of the pair of exponentially degenerate states [27]. To
determine whether the two exponentially degenerate ground states are locally distinguish-
able, we study a local operator defined as, Any = (n1)y — (ng)y. Any represents the difference
in local charge density between the lowest excited state |1) and the ground state |0), at a lo-
cal position (x) of the system. The averaged difference in the charge density Y ; An, taken
over the entire system, which is a global operator, vanishes for any arbitrary N, since this
is a charge-conserving system. However, we find that local measurements at, say, x = 0.2N
and 0.5N, show a power law dependence of An, on N (Fig. 5.5) for system sizes studied
up to N = 120. Power law variation of An, with N is observed for any other x on the 1D
wire too. This is in contrast to an exponential decay of An, as expected from a system with
topological order and exponential ground state degeneracy. This observation suggests that
the apparent exponential degeneracy of the number-conserving spin-orbit coupled 1D Fermi

gas is possibly different from what is expected in a topological phase.
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Figure 5.6: Entanglement spectrum A; corresponding to low lying eigenstates i, at U = —1.00,& =

0.20, h = 0.40, k = 3, and v = 0.10, for N = 60. Inset: Variation of the Schmidt gap Ag with
system size N, at the same parameter regime. The dashed curves represent power-law
fitting with parameters (G, v) extracted as (182.34,2).

5.7 ENATANGLEMENT SPECTRA AND SCHMIDT GAP

In addition to the exponential decay of the pair binding energy E, and excitation energy A
another probe that has emerged for characterizing topological states is that of the entangle-
ment spectrum (ES). It has been shown that the topological nature of a state and its inherent
entanglement properties are reflected in its ground state wavefunction as well. [382, 394—
398] The bipartitioning of a system in two parts: A and B, and tracing out of the degrees of
freedom in one of the parts (say, B) provides the reduced density of states pa = Trp|¢) (|,
which contains the information regarding the entanglement between part A and B of the
system. Here, ¢ represents the many-body wave function the system. Li and Haldane in
Ref. [ [382]] have defined “entanglement Hamiltonian (Hg)" in terms of the reduced density
matrix p4 as, pa = e e, and the corresponding energy spectrum A; as ES. In the topological
phase all A; in the ES are expected to be multiply-degenerate. The Schmidt gap Ag, defined
as Ag = Ag — Ay, vanishes exponentially in topological phase, whereas Ag remains finite in
the non-topological phase. [396, 397] Here, Ag and A; represent the largest and the second

largest eigenvalues in the ES, respectively.
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We have shown the plot of ES for the first few low lying eigenstates i in Fig. 5.6, and
observe no degeneracy in A; for U = —1, i.e., at the parameter regime where exponential
decay of E; and A was observed in Fig. 5.2 and Fig. 5.3, repectively. The Schmidt gap As also
shows a power-law dependence on N as shown in the inset of Fig. 5.6, decreasing as Ag ~
N2, instead of the expected exponential decay for a topological phase. Although the ES and
As do not indicate presence of a topological phase, the ES alone is considered insufficient as a
definitive indicator of a topological phase, or its absence thereof, as elucidated by comparison
with Ising model in a transverse field (TFIM) in Ref. [ [399]]. We shall come back to the
comparison of the putative TS in our model with that of the TFIM later in subsection 5.7.1.
But before that, we examine two other indications of a topological phase — expectation values

of a local operator and susceptibility to local perturbations.

5.7.1  Comparison with transverse field Ising magnet

Let us now compare the degeneracy properties of the present system to that of a system with
conventional symmetry breaking.

We consider a comparison to the degeneracy for a transverse field Ising antiferromag-
netic chain realized with Rydberg atoms [400]. Assuming the ordering direction is along the
z direction, the ground state of the Ising antiferromagnet is two-fold degenerate between
states that have a non-zero on-site magnetization <S]Z ) # 0, where 5i is the z component
of the magnetization at site j. The degeneracy in the Ising model is not topological but in-
stead associated with spontaneous breaking of the Ising symmetry (S* — —S57) generated
by Sj,; = X; 5. However, the symmetry-breaking is qualitatively different from a ferromag-
net in the sense that the magnetic order varies in space (S7) = (—1)/M, where M is the
amplitude of the order parameter. The two ground states of the Ising antiferromagnet are
associated with opposite signs of M and are split by a tunneling amplitude that goes to zero
exponentially with the length of the system. Similar to the Fermi gas, this degeneracy is not
split by a uniform symmetry-breaking Zeeman field in the z direction as long as the Zeeman
field varies slowly in space (as long as there is an even number of spins). This is because
both states have vanishing total magnetization in the z direction. However, this degeneracy
can be seen to be non-topological from the fact that coupling to a magnetic impurity that
creates a Zeeman field on a specific site would split the degeneracy by a finite amount. This

is analogous to the back-scattering induced splitting in the 1D Fermi gas, although the de-
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generacy breaking from local impurities is stronger in this example than in the 1D Fermi
gas. Therefore, the exponential degeneracy of the ground states in the presence of smooth
potentials in the 1D spin-orbit coupled Fermi gas with Zeeman field and attractive interac-
tions cannot be taken to be an indication of a topologically protected degeneracy that can be
useful in TQC. However, one must note that in pristine conditions, such that one expects in

cold atomic gases, the exponential degeneracy remains feasible to maintain.

5.8 CONCLUSION

In summary, we examined a celebrated proposal that a robust topological phase can be cre-
ated in a 1D number-conserving system, such as a spin-orbit coupled Fermi gas in presence
of magnetic field by modulating the effective chemical potential in the system so as to create
alternately ‘trivial” and “topological” regions, which can host Majorana modes at their bound-
ary. We first showed the existence of an exponential degerneracy in the binding energy and
lowest energy gaps in the system which may indicate underlying zero-mode degeneracy,.
However, we further showed that this degenracy is in fact not robust against impurities in
the bulk and also fails the test of local indistinguishability. Due to these, we conclude that the
number-conserving 1D Fermi gas with attractive interaction is not a robust topological phase

and hence cannot be used for proposed topological quantum computation applications.
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CONCLUSION

In this chapter, we provide a brief summary and concluding remarks on all the problems
discussed so far.

Interacting quantum many-body models can exhibit a zoo of interesting phases in presence
of competing interactions or intertwined orders in the system. The exotic pairing orders
in cold atom superfluids, Mott transitions, topological transitions in quantum fluids and
materials, emergence of dimer, stripped, spin liquid phases or other interesting phases in
frustrated quantum magnets like vector chiral, dimer or valence bond solid order emerges
in such interacting systems. This thesis is devoted to the study of interactions, correlations,
and competing orders in quantum wires and quantum gases, especially in the presence of
strong correlations between the particles. Such many-body systems are hard to solve due to
large degrees of freedom in the system. Therefore, numerical studies are the main tool for
investigating these models. We employed density matrix renormalization group technique
to study the junction of quantum wires and one dimensional (1D) Fermi gas in presence of
attractive interactions, e.g., in the context of cold atomic gases.

The first problem addressed in this thesis concerns the anomalous enhancement in the
tunneling density of states (TDOS) near the junction of three similar quantum wires. 1D
quantum wires are well described by the Tomonaga Luttinger liquid (TLL) theory and it is
well known that this system shows a suppression of bulk electronic density of state (DOS),
for all limits of TLL parameters (g). However, the symmetric junction of TLL wires, without
enclosing any flux at the common contact, still remained an open problem. We studied
the fully symmetric Y junction of three equi-length quantum wires. We note an anomalous
enhancement of TDOS at the junction, for both the bosonic and the fermionic cases, in the
attractive limit of interaction of the respective junctions. We also observe suppression of

TDOS for ¢ < 1 for both bosonic and fermionic cases. We find that the TDOS enhancements
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follow different power law exponents for bosonic and fermionic cases which suggests that
these represent distinct fixed points, owing to difference in statistics of associated particles
which plays an important role at the Y junction. Analysis of static conductance [191] for the
junction indicated that the fixed point for 1 < ¢ < 3 resembles the mysterious M fixed point
of Y junction, first predicted in Ref. [194]. We have verified it for the dynamical conductance
for the first time and presented the associated power law exponent for both the bosonic and
the fermionic models as a function of inter-particle interaction. We also show that the TDOS
enhancement spans over a length scale of ~ w™! from the junction, for 1 < ¢ < 3 and is
highly localized around the junction in the thermodynamic limit.

For the next problems, we shift our attention to interacting 1D Fermi gas, in the context
of cold atomic gases trapped in optical lattices. We examine the existence and characteristics
of the exotic Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) phase in this system with attractive
Hubbard interactions, in the presence of spin-orbit coupling (SOC) and Zeeman field. The
FFLO phase, first proposed in the context of superconductors in 1964, by Fulde and Ferrel,
and Larkin and Ovchinnikov, suggested the existence of an exotic superconducting state that
could co-exist with magnetic order in the system. A trivial Bardeen-Cooper-Schrieffer (BCS)
phase subjected to a large Zeeman field fully polarized the system. But they showed that
moderate to large magnetic field could also lead to formation of Cooper pairs with finite
momentum in an inhomogeneous superfluid or FFLO phase, provided no other distortions
are caused by the field in the system. We study a 1D Fermi gas with attractive interactions
subjected to a longitudinal Zeeman field and observe an FFLO phase with twin peaks in its
pair momentum distribution P(k) at finite momenta £krp;o for low to moderate Zeeman
fields h. With increasing h, it shows a phase which shows almost constant P(k) over a wide
range of momenta between =kysyp. This phase is associated with an additional length scale
in the system and it appears before the system transitions into a fully polarized phase at
high magnetic field. We observe that the addition of a transverse SOC field suppresses the
FFLO order and enhances the pair formation and thus the BCS phase. Though the BCS
phase promoted by the SOC field has p-wave like pairing, instead of the otherwise s—wave
like pairing induced by the on-site Hubbard U in the no SOC case. We present a complete
phase diagram of this model both in the presence and absence of SOC.

The 1D spin-orbit coupled Fermi gas has also been proposed to host exotic topological
phases and edge modes. In order to explore the signature of the underlying topological

phase, if any, we numerically compute the pair binding energy, excitation gap, and suscepti-
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bility to local perturbations of this system. In the presence of a smooth parabolic potential,
the pair binding, and excitation energy of the system decays exponentially with the sys-
tem size, pointing to the existence of an exponential ground state degeneracy. However, the
ground state degeneracy of this number-conserving system is susceptible to local impurities
in the bulk of the system and the energy gap vanishes as a power law with the system size in
the presence of local perturbations. Comparing this system with an Ising antiferromagnet in
the presence of a transverse field realized with Rydberg atoms, we argue that the exponential
splitting in the putative topological phase of the clean number-conserving 1D Fermi system
is similar to a phase with only conventional order.

To summarize, in this thesis we explored the effect of competing interactions and field
which yield new phases in strongly interacting systems, particularly, in the context of junc-
tion of 1D quantum fires- both bosonic and fermionic, and interacting spin-orbit coupled 1D
Fermi gas in presence of a magnetic field and also explored the existence of a topological
phase in certain parameter regimes. For all these problems, we developed and employed the
state-of-the-art DMRG algorithms which allowed us to probe the reported phases in each
system with good precision. In future we would also like to study the dynamical properties
of these systems, which would let us understand better the stability of the exotic phases

mentioned in this thesis, in actual experimental setups.
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